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Abstract The Behrens-Fisher (B-F) problem is the problem of testing equality of two population means using two
independent samples when the quotient of the population variances is unknown. lIbrahim et al. (2023) introduced two
modified tests that are based on the method that was provided by Chen et al. (2022). In this paper, a new modified test is
proposed which depends on Fisher’s fiducial argument to estimate the variances of the sample means. A comprehensive
simulation study is designed for balanced and unbalanced samples with different sizes and various ranges of variances. The
simulation study shows that the power of the suggested modified test is outperform Welch test and the two tests of Ibrahim
et al. (2023) especially, for large sample sizes and wide range of variances of two independent samples with balanced or

unbalanced sample sizes.
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1. Introduction

The Behrens-Fisher (B-F) problem is the problem of
testing the hypothesis of equality of the means of two
normal populations using two independent samples when
the population variances are unknown or with possibly
unequal variances [18] [8] [3] [1].

Several solutions have been developed and these solutions
are divided into parametric solutions and non-parametric
solutions. Behrens (1929) introduced a parametric test that
was the first parametric solution of B-F problem and
confirmed by Fisher (1939) but the estimated type I error of
this test is frequently smaller than the nominal level [10] [8]
[3] [1]. Many solutions proposed for B-F problem, such as
the Welch test as an approximation solution that introduced
by Welch (1938). Welch approximation is the popular
approximation solution for the B-F problem. Also, several
approximation solutions have been proposed, such as
Cochran Approximation (1964), Fenstad (1983), Wald test,
which proposed by Best and Rayner (1987) [18] [6] [5] [3].
The latest parametric solutions have been proposed by
Ibrahim et al. (2023), Chen et al. (2022), and Hong et al.
(2022).

In this study, we propose new modified test using the
same technique used in [10] by making modifications to the
assumed value of the random variable, as shown in section 3.

The new test is based on Fisher’s fiducial argument to
estimate the variances of the sample means, as the method
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that was suggested by Chen et al. (2022). This study aims to
compare a new modified test with Welch test, which is
widely used to deal with the B-F problem, and two tests
that were introduced in [10]. This comparison was made
by using a comprehensive Monte Carlo simulation with
different scenarios and factors to assess the size and the
power of these tests. This simulation study consists of three
factors: (i) sample sizes (ii) balanced or unbalanced data,
(iii) various wide ranges of populations’ variances values to
assess the impact of the gap between population variances.
This study proceeds as follow: Section 2 introduces
available solutions to the B-F problem. Then, Section 3
presents the suggested solutions. Section 4 demonstrates the
simulation study. Finally, Section 5 shows the conclusion of
the study.

2. Available Solutions to the B-F Problem

Many solutions have been introduced to the B-F problem.
These solutions can be classified into exact and approximated
solutions. In this paper, we focused on the approximation
solutions. These solutions, such as (i) the Welch test (T1), (ii)
the two tests that have been introduced by lbrahim et al.
(2023) (T2 and T3).

For testing the equality between two normal populations
means when the variances are unknown or unequal based on
two independent samples: the first sample xy,..., X, from
N(p,.0%) and y,,...,y, from N(u,,03); where -so<p, <oo,
0< o2<oo, and k =1, 2. The null and alternative hypotheses
are:

HO: K=k, (Or Hl'llfo) vs. Hy: “'1>”'2( or ul_ug>0)-
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Initially, we define some statistics as:
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Where X, S? are the sample mean and sample variance

for the first sample and y, S are the sample mean and
sample variance for the second sample respectively, So that:
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Where, Xz(k) is the chi- square distribution with k
degrees of freedom.
2
=m-1 (6)

Then,
(n-1)s? (m-1)s3
E 6—% =n-1,and E 5—5

Therefore,

E(s2)=c? E(s3)=c? (7)

Where, S?, S5 are the unbiased estimators for o2, o3,

respectively.

i) Welch test (T1): This is a popular test of B-F problem,
which proposed by Welch (1938). This test is considered as
the standard solution to testing the equality between two
population means from an independent normal population
with unequal variances [6] [4] [3]. The Welch statistic T1:

T1= (8)

Where, T1 approximated by t-distribution with degrees of
freedom ( f(4)) as:

£) ©)

(10)

T.GH.2 (11)

()2 (w28 =
n(n-2) m(m-2)

Where, T2,T3 approximated to t-distribution with
degrees of freedom ( f(), (f(5)) and constant (C(»), (Cs)),
respectively. The degrees of freedom are:

(n-1)52+(m-1)52)2
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The constants are:
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C(3) nl)s iml
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SIS
2122

Cw=()d (n2 (15)
n(n-2) ~ m(m-2)

(14)

3. Suggested Solution to the B-F Problem

In this paper, we suggest a new modified test as an
alternative to t-test when the B-F problem occurs. This test is
based on the method that was proposed by Chen et al. (2022)
with some modifications which depends on Fisher’s fiducial
argument to estimate the variances of the sample means.
The test statistic, degrees of freedom, and constant could be
derived as follows:

Let T be the test statistic:

(9)-(y- )
- s? s2 (16)
(§1-;z)-(u] - uz) 17

T=" [ 0nG)
When Hj, is true, the test statistic can be rewritten as:
_(u)
S WG (18)
This test statistic could be approximated by the student
t-distribution as a Welch approximation. Where: T~ c t;.
To get the values of the test statistic, we need to get:

2 2
g1, %

VO G= Ly (19)

Where, of is often unknown when the B-F problem

occurs, we can use the variance estimate 87 instead of of.
Then, equation (19) can be written as:

~2 2
o1 92

-2, @
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We can estimate sz by using the following relationships
[4] 2 2
(”'12)51 ~X2 (n-l), (m—]é)sz ~X2(m—1)
01 62
Let:

(n-1)$
2 T
Where, U, is a random variable that follows a chi-square
distribution with k degrees of freedom.
Therefore:

k=1,2 (21)

o sl shm1)
61= Uz ' 02= Uz
To estimate cjz, let some values for Uy to get the values of
62 corresponding to them. Various values for Uy will lead
to various values of 67.
As shown in [10], we can get the degrees if freedom f and
constant c as the following formulas:

(22)

0@
f= ()2 ()2
n-1 m-1

(23)

_ vhuy) 24)
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Where v(X),v(y) are the values of the variances for the
first sample mean and second sample means, respectively.

v(X1),v(X,) are the values of variances for the first sample
mean and second sample mean which were used by Behrens
and Fisher before, respectively.

In [10], Chen et al. (2022) U, is replaced by (n-3), which
is the maximum value of the probability density function. If
we use the same method to estimate the variances at
(Ux=n-1), we will get the Welch statistic. Where, (n-1) is the
mean of the chi-square distribution. If we replace U, with
(n-) T.GH.1 as it has been shown in [10]. Also, we can get
T.GH.2 when we replace Uy by (n-2). Thus, in this paper,
we proposed a new test statistic by replacing Uy by (n-4)
and follow the same method to estimated variances as
follows:

Assuming that U,;=n-4 and U,=m-4, In this case, we
can get the estimated variances by replacing the variables
(Uq, Uy) with (n-4, m-4), respectively. Therefore, we can
reformulate equation (22) as:

(25)

Az_(n—l)s% ~2 (m—l)s%

O1= 4 ' 02T 4 (26)
- _ (n—l)s% —= (m-l)s2
V6o = T ) (27)

m(m-4)

Then, we can use v(X), v(¥) in equation (18) to get the
test statistic T4 as:
E-¥)

(n—1)s% (m —l)s%
n(n—4) m(m-4)

T4 = = T.New

(28)

We can approximate this test statistic T4 to t-distribution
with f(4) degrees of freedom and constant C4, as:
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T4 ~ CWitty (29)

And we can get f,y and C,y by using the formulas in
equations (23) and (24), respectively as the following:

((n—l)s% (m —1)5%)2

n(n—4) m(m-4)

2,2 2,2
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C(4') = (n—l)s% (m—l)s%
n(n—4) m(m-—4)

(32)

4. Simulation Study

The simulation studies were designed to compare four
tests (T1- T.GH.1- T.GH.2- T.New) by using the Monte
Carlo method and applying these simulations on R- package
as shown in the following steps:

1- The data for samples were generated randomly from
the normal populations at various configurations of the
factors (p, pp, N, m, Var(l), Var(2)).

2- For each simulation, the sample means (X, y) were
estimated.

3- For each simulation, the variances were estimated
(67, 83).

4- The test statistics were calculated for the four tests (T1
- T.GH.1- T.GH.2- T.New).

5- The probability of Type-I error or (size of the test) was
calculated for the four tests (T1 - T.GH.1- T.GH.2-
T.New).

6- The power of the test were calculated for the four tests
(T1-T.GH.1- T.GH.2- T.New).

A comparative study was designed to evaluate the
performance of the four tests:

(1) (Welch test (T1),

(2) The first proposed test in [10] is represented by (T2 or
T.GH.1).

(3) The second proposed test in [10] is represented by
(T3 or T.GH.2).

(4) The new suggested test in this paper (T.New).

These simulation studies were based on three factors: (i)
sample sizes (ii) balanced or unbalanced data, (iii) various
wide ranges of populations’ variances values to assess
the impact of the gap between population variances. The
simulation studies were conducted on different scenarios
to compare the probability of Type-I error or size and power
of each test under various configurations. These studies
are conducted on samples generated from the normal
populations with different means and different variances in
two scenarios:
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Case 1: Balanced data.

Case 2: Unbalanced data.

These simulation studies were based on 10000 generated
samples at a significance level a = 0.05, the samples
generated from the normal distribution at p = 2 and different
variances. Where Var(1) and Var(2) are the variances of the
first and second population, respectively. The estimated
Type-1 error probabilities for the four tests (T1 - T.GH.1-
T.GH.2- T.New) for balanced samples at (n, m = 20, 50, and
100) are shown in tables (1, 2, and 3).
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level 5% than other tests (T.New (T4), T.GH.2 (T3)). Also,
these tests are acceptable sizes in all configurations at 5%.
But, the probability of Type-I error for T.GH.1 (T2) is far
from 5% compared with other tests.

By increasing the sample sizes to 50 and 100, as we
showed in tables 2 and 3, the probability of Type-1 error for
all tests is acceptable. The estimated Type-I error for Welch
test is the closest to the significance level 5%.

Table 3. The Probability of Type-I Error for The Four Tests (T1 - T.GH.1-

Table 1. The Probability of Type-I Error for The Four Tests (T1 - T.GH.1-

T.GH.2- T.New) Under Different Variances, ux =2 and n =m =20

var(l) | Var(2) T1 TGH1 | TGH2 | T.New
1 05 00495 | 00427 | 0.0548 | 0.05512
5 3 00492 | 0.0436 0.055 0.0572
8 2 00478 | 00447 | 00556 | 0.05632
12 6 00516 | 00464 | 0.0574 | 0.0576
16 8 0.0484 | 0.0421 0.055 | 0.05624
20 15 00484 | 0.044 0.0537 | 0.05488
25 20 00529 | 00471 | 0.0606 0.06
36 24 0048 | 00423 | 00522 | 0.0544
40 45 00494 | 00446 | 0.0556 | 0.05616
50 60 00489 | 00428 | 0.0559 | 0.05656
60 75 00472 | 0041 0052 | 0.05456
70 100 00508 | 0.0435 | 00568 | 0.05736
60 80 00481 | 00426 | 00545 | 0.05704
80 100 0049 | 00436 | 00564 | 0.0564
85 120 00444 | 00392 | 00513 0.052
105 150 00511 | 0.0458 | 0.0567 | 0.0576

Table 2. The Probability of Type-1 Error for The Four Tests (T1 - T.GH.1-
T.GH.2- T.New) Under Different Variances, i =2 and n =m = 50

Var(l) | Var(2) T1 TGH.1 | T.GH.2 T. New
1 05 | 00483 | 0.04719 | 0.052155 | 0.05385
5 3 0.0493 | 004785 | 0.05225 0.0513
8 2 0.0439 | 0.04356 | 0.047975 | 0.048375
12 6 0.0485 | 0.04884 | 0.05282 | 0.05205
16 8 0.0464 | 0.04598 | 005111 | 0.051225

20 15 0051 | 0.05104 | 0.052345 | 0.052125
25 20 0.0492 | 0.04928 | 0.052535 | 0.052425
36 24 0.0445 | 0.04169 | 0.048735 | 0.050475
40 45 0.0516 | 0.05126 | 0.054625 | 0.0534

50 60 0.0494 | 0.04895 | 0.053485 0.054

60 75 0.0494 | 0.04917 | 0.051585 | 0.052875
70 100 | 0.0472 | 0.04653 | 0.051395 | 0.051525
60 80 0.0493 | 0.04785 | 0.053295 | 0.0534

80 100 | 0.0519 | 0.05269 | 0.056335 | 0.05565
85 120 | 0.0501 | 0.04994 | 0.054625 | 0.05295
105 150 | 0.0496 | 0.04829 | 0.05282 | 0.05265

As we showed in the previous table, the probability of
Type-I error for Welch test (T1) is closer to the significance

T.GH.2- T.New) Under Different Variances, p = 2 and n=m = 100

Var(1) Var(2) T1 T.GH.1 T.GH.2 T.new
1 0.5 0.0505 0.0499 0.0517 0.0541
5 3 0.0541 0.0529 0.0552 0.0581
8 2 0.0492 0.0484 0.0505 0.0529
12 6 0.0522 0.0512 0.0532 0.0554
16 8 0.0515 0.0505 0.0527 0.0552
20 15 0.0491 0.0477 0.0497 0.0511
25 20 0.0493 0.0479 0.0497 0.0519
36 24 0.0502 0.0486 0.0514 0.0542
40 45 0.0525 0.0506 0.0535 0.0565
50 60 0.0515 0.05 0.0524 0.0549
60 75 0.0474 0.0463 0.0482 0.0495
70 100 0.0482 0.0469 0.0499 0.0527
60 80 0.0556 0.0543 0.0569 0.0588
80 100 0.0484 0.0476 0.0495 0.0524
85 120 0.0507 0.0495 0.0516 0.0542
105 150 0.0505 0.0495 0.0515 0.0537
o 20 + 50 A 100
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Figure 1. The estimated probabilities of Type-I error for the four tests

The estimated Type-I error probabilities (transformed by
log10) for the four tests (T1 - T.GH.1- T.GH.2- T. New) in
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Tables (1, 2 and 3) can be represented graphically in Figure
1. In Figures 1,” and 3 as we can see two vertical lines and
different symbols. These two lines, represent the solid and
broken lines equivalent to 0.05 and 0.06, respectively. The
different symbols represent the different sample sizes (n, m =
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sample sizes are increasing. But the size of this test becomes
closer to 0.05 when the sample size and the value of variances
are increasing.

Table 6. The Power of the Test for the Four Tests (T1 - T.GH.1- T.GH.2-
T.New) Under Different Variances, p; = 2, pu, = 8 and n=m= 100

20, 50 and 100) as shown in Figures 1, 2, 3, and 4.

Table 4. The Power of the Test for the Four Tests (T1 - T.GH.1- T.GH.2- T.
New) Under Different Variances, p; = 2, p, = 8 and n=m=20

Var(1) Var(2) T1 T.GH.1 T.GH.2 T. new
1 0.5 99.59% 99.61% 99.63% 99.69%
5 3 99.01% 99.12% 99.23% 99.51%
8 2 98.91% 99.03% 99.06% 99.11%
12 6 98.87% 98.89% 98.98% 98.87%
16 8 97.96% 94.93% 94.96% 94.97%
20 15 97.26% 94.22% 94.37% 94.57%
25 20 95.41% 92.19% 92.85% 93.44%

36 24 90.28% 86.71% 88.40% 89.75%
40 45 78.81% 75.05% 77.80% 80.52%
50 60 68.45% 64.51% 68.01% 71.31%
60 75 59.84% 56.00% 60.11% 63.93%
70 100 50.62% 47.47% 51.17% 55.07%
60 80 57.91% 54.25% 58.07% 61.75%
80 100 49.74% | 46.37% 50.28% 54.37%
85 120 42.85% 39.63% | 43.42% 47.76%
105 150 37.69% 34.83% 38.15% 42.14%

Table 5. The Power of the Test for the Four Tests (T1 - T.GH.1- T.GH.2-
T.New) Under Different Variances, w = 2, p, = 8 and n= m= 50

vl v2 T1 T.GH.1 T.GH.2 T.New
1 0.5 99.95% 99.97% 99.98% 100.00%
5 3 99.88% 99.91% 99.93% 99.96%

2 99.87% 99.87% 99.90% 99.92%
12 6 99.78% 99.83% 99.89% 99.90%
16 8 99.75% 99.77% 99.84% 99.85%
20 15 99.66% 99.73% 99.79% 99.80%
25 20 99.64% 99.66% 99.71% 99.74%
36 24 97.98% 97.98% 97.98% 97.98%
40 45 97.61% 97.59% 97.65% 97.69%
50 60 96.00% 95.90% 96.11% 96.33%
60 75 93.23% 93.06% 93.38% 93.74%
70 100 88.33% 88.09% 88.68% 89.29%
60 80 92.67% 92.48% 92.85% 93.19%
80 100 86.45% 86.00% 86.87% 87.65%
85 120 81.68% 81.27% 82.21% 83.06%
105 150 73.45% 72.75% 74.09% 75.45%

As we will show in Figure 1, the probability of Type-I
error for tests T1 (Welch test), T. GH.2, and (T.New) is
closed to a nominal probability of 0.05 in all combinations
(acceptable size). But the probably of Type-I error for test
T.GH.1 is far from the significance level 5% when the
sample sizes are small and become close to 5% when the

var(l) | Var(2) T1 TGH1 | T.GH2 | T.New
1 0.5 96.93% 95.96% 99.00% 99.42%
5 3 96.90% 95.92% 98.97% 99.37%
8 2 96.87% 95.85% 98.89% 99.31%
12 6 96.83% 95.82% 98.83% 99.27%
16 8 96.78% 95.78% 98.80% 99.23%
20 15 96.70% 95.75% 98.77% 99.19%
25 20 96.67% 95.70% 98.67% 99.15%
36 24 96.64% 95.65% 98.62% 99.11%
40 45 96.59% 95.60% 98.63% 99.05%
50 60 96.55% 95.52% 98.54% 98.97%
60 75 96.39% 96.38% 97.39% 98.39%
70 100 96.14% 96.13% 97.14% 98.15%
60 80 96.34% 96.34% 97.34% 98.36%
80 100 95.88% 95.81% 96.91% 97.92%
85 120 95.14% 95.08% 96.20% 97.25%
105 150 93.00% 92.94% 94.05% 95.23%
o 20 + 50 A 100
v1=1&v2=0.5 v1=5&v2=3 v1=8&v2=2 v1=128v2=6
T4- L & & &
T3- a4 2 & a4
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T1- & ® & &
v1=16&v2=8 v1=208v2=15 v1=258v2=20 v1=36&v2=24
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Figure 2. The estimated power of the four tests
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The results of the power of the test for the four tests (T1 -
T.GH.1- T.GH.2- T.New) can be seen in Tables (4, 5, and 6).
These powers were calculated for balanced data that were
generated at (= 2, pp = 8) under different variances.

We can represent the results in Tables (4, 5, and 6)
graphically, as we shown in Figure 2.

The power of the test for test T4 (T.New) is the best in all
cases, reaching to 100% when the sample sizes are large (n,
m >30) and variances are small. The power for test T3 (T.
GH.2) is better than the power for T1 (Welch test) in most
cases, regardless of the variance values at the large sample
size. Also, the power for test T3 (T. GH.2) is better than the
power for T1 (Welch test) in most cases. Generally, the
power of the test for the four tests is decreasing with
increasing the values of the variances and gap between the
variance values.

In Figures (3, 4, and 5) the values of the power for the four
tests in Tables (4, 5 and 6) can be represented graphically in
the simplified graphs to give an overview of opinion about
the estimated power of the tests when the data is balanced.

As we can see in Figures (3, and 4) the power of the test
for tests T1 (Welch test), T2 (T.GH.1), T3 (T.GH.2), and T4
(T.New) is very close in most cases because the difference
between them is small.

In Figure. 5, the power of the test for T4 (T. New) is the
best. Also, the power of the test for T1 is better than other
tests (T2 (T.GH.1), T3 (T.GH.2)).

120.00%
100.00%
80.00%
60.00%
40.00%

20.00%
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123456 7 8 910111213141516

T1 T2 —-=T3 —--T4

Figure 3. The estimated power of the four tests

120.00%
100.00%

——_

80.00%
60.00%
40.00%
20.00%

0.00%
123 456 7 8 910111213141516

T1 T2 —-=T3 —--T4

Figure 4. The estimated power of the four tests
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Figure 5. The estimated power of the four tests

In Table 7, the estimated Type-I error probabilities for the
four tests (T1 - T.GH.1- T.GH.2- T.New) can be shown
when the sample sizes are unbalanced data at a significance
level o. = 0.05, and w = 2 under different variances.

Table 7. The Probability of Type-1 Error for The Four Tests (T1 - T.GH.1-
T.GH.2- T.New) Under Different Variances, Different Sample Sizes
(Unbalanced Data) and py = 2

Var(l) | Var(2) n m T1 T.GH.1 | T.GH.2 | T.New
1 0.5 20 | 12 | 0.0483 | 0.0427 | 0.0564 | 0.0579
5 3 25 | 15 | 0.0485 | 0.0421 | 0.0545 | 0.0593
8 2 35 | 20 | 0.0485 | 0.0452 | 0.0531 | 0.0508
12 6 55 | 25 | 0.0498 | 0.0463 | 0.0529 | 0.0506
16 8 50 | 25 | 0.0487 | 0.0451 | 0.0528 | 0.0501

20 15 80 | 35 | 0.0493 | 0.0476 | 0.0524 | 0.0473
25 20 100 | 30 | 0.0532 | 0.0499 | 0.0555 | 0.0512
36 24 120 | 40 | 0.0484 | 0.046 | 0.0505 | 0.0524
40 45 100 | 25 | 0.0506 | 0.0469 0.055 0.0556
50 60 120 | 30 | 0.0484 | 0.0443 | 0.0516 | 0.0496
60 75 150 | 45 | 0.0497 | 0.0478 | 0.0525 | 0.0557
70 100 180 | 40 | 0.0481 0.046 0.0513 | 0.0495
60 80 150 | 15 | 0.0501 | 0.0436 | 0.0569 | 0.0446
80 100 | 200 | 20 | 0.0491 | 0.044 | 0.0546 | 0.0478
85 120 225 | 25 | 0.0505 0.047 0.0549 0.056
105 150 | 250 | 30 | 0.0502 | 0.0459 | 0.0537 | 0.0513

In Figure 6, the estimated Type-l error probabilities in
Table 7. after transformed by log,, for the four tests (T1 -
T.GH.1- T.GH.2- T.New) can be represented graphically for
unbalanced data at py = 2 under different variances.

Figure 6 shows that the estimated Type-l error
probabilities for the test T2 is far from the significance level
5% especially when the sample sizes and variances are small,
and become closer to this significance level when both
sample sizes and variances are increasing.

Also, this figure showed that the estimated Type-I error
probabilities for other tests are acceptable.

Also, in Table 8 the power of the four tests can be shown
when the sample sizes are unbalanced at (u; = 2, p, = 8)
under different variances.
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Figure 6. The estimated probabilities of Type-1 error for the four tests

Table 8. The Power of the Test for the Four Tests (T1 - T.GH.1- T.GH.2-
T.New) Under Different Variances, Different Sample Sizes and (1, =2, p, = 8)
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Figure 8. The estimated power of the four tests

Figure 8 shows that the new modified test (T.New) is
outperform other compared tests for the estimated power of

the test.

\(/f)r \(/;)r n |m| TL |TGH1|TGH2| T New
1 | 05 | 20 | 12| 89.99% | 91.99% | 93.07% | 94.45%
5 | 3 | 25 | 15| 86.67% | 85.55% | 87.68% | 89.99%
8 | 2 | 35 |20 9322% | 92.77% | 93.61% | 94.57%
12 | 6 | 55 |25 83.37% | 82.68% | 84.35% | 85.92%
16 | 8 | 50 | 25| 68.75% | 67.70% | 69.88% | 72.09%
20 | 15 | 80 | 35 | 67.16% | 66.46% | 67.92% | 69.60%
25 | 20 | 100 | 30 | 53.88% | 53.03% | 55.06% | 57.28%
36 | 24 | 120 | 40 | 54.66% | 53.90% | 55.33% | 56.77%
40 | 45 | 100 | 25 | 26.21% | 25.12% | 27.24% | 29.59%
50 | 60 | 120 | 30 | 24.01% | 23.19% | 24.97% | 26.63%
60 | 75 | 150 | 45 | 28.85% | 28.22% | 29.44% | 30.68%
70 | 100 | 180 | 40 | 21.10% | 2053% | 21.84% | 23.12%
60 | 80 | 150 | 15 | 12.86% | 11.89% | 14.36% | 17.51%
80 | 100 | 200 | 20 | 13.78% | 12.80% | 14.68% | 17.27%
85 | 120 | 225 | 25 | 14.52% | 13.73% | 15.24% | 16.98%
105 | 150 | 250 | 30 | 13.53% | 12.89% | 14.09% | 15.61%

Figure 7 shows the power of the test of the four tests
obtained in Table 8. This figure shows that the power of
T.New is the best. Also, we can conclude that the power
of the test of T3 (T.GH.2) is better than the power of the test
of T1 (Welch test) in all cases. When the variances increase,
the power of all tests will decrease for unbalanced data.

In Figure 8, the power of the test of the four tests (T1, T2,
T3 and T4) that are shown in Table 8 can be represented
graphically for unbalanced data.

5. Summary and Conclusions

In this paper, we suggested a new modified test (T.New)
as an alternative for t-test when the homogeneity assumption
is violated. This new modified test is based on the method
that was proposed by Chen et al. (2022) with some
modifications which depends on Fisher’s fiducial argument
to estimate the variances of the sample means. The degrees
of freedom (f ) and the constant (C) for the new modified
test are derived to approximate the new modified test
statistic to t- distribution as shown in Welch approximation.
A comprehensive simulation study with different factors and
scenarios has been conducted to evaluate the performance of
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the new modified test comparing with Welch test and the two
other tests that have been introduced by Ibrahim et al. (2023).
This comparison was based on the size of the tests and
the power of the tests. The main statistical findings can be
summarized in the following:

1) The probability of Type-I error probabilities for tests
T1 (Welch test), T.GH.2, and T.new (the new suggested
test) are acceptable when the data is balanced and
small sample sizes at p = 2 with different variances.

2) The probability of Type-l error for all tests is
acceptable when increasing the sample sizes to 50 and
the data are balanced at p = 2 and variances different.

3) In most cases, the power of the test for the new
suggested test T4 is the best when the data is balanced
at u = 2 under different variances.

4) In most cases, the power for test T3 (T. GH.2) is
better than the power for T1 (Welch test) for the
balanced data at p = 2 under different variances.

5) Generally, the power of the test for the four tests is
very close in most cases, as previously shown in
Figures 3 and 4. These powers are decreasing when
increasing the values of variances and gap between
the values of variances for the balanced sample sizes.

6) When the data is unbalanced, the estimated Type-I
error probabilities for test T2 are far from the
significance level 5% for the small sample sizes and
variances.

7) By increasing the sample sizes and variances,
the estimated Type-I error probabilities for test T2
become closer to this significance level 5%.

8) When the data is unbalanced, the estimated Type-I
error probabilities for tests (T1, T3, and T4) are
acceptable.

9) The power of the test for T4 (T.New) is the best for

unbalanced data in all cases studied.

Also, the power of the test for T3 (T.GH.2) is better
than the power of the test for T1 (Welch test) in all
cases studied.

11) When the variances increase, the power of all tests
will decrease for the unbalanced data.

Finally, we conclude that the suggested test T4 (T.New)
has the best power when compared to the other tests and can
be recommended to use as an alternative test for t-test when
the homogeneity assumption is violated.

10)
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