American Journal of Operational Research 2026, 16(1): 1-11
DOI: 10.5923/j.ajor.20261601.01

An Inventory Control System for Decaying
Products with Preservation Technology,
Price, and Production-Reliant Demand

Sushil Kumar”, Manish Kumar, Shivani Singh

Department of Mathematics and Astronomy, University of Lucknow, U.P., India

Abstract In real-world inventory control systems, the deterioration of products is a significant issue. The deterioration
can be reduced with the help of preservation technology. This paper proposes an inventory control system for decaying
products incorporating preservation technology, price, and production-reliant demand. The price and production are key
factors that affect the demand. The product price also plays a pivotal role in determining whether one buys more or less.
The shortages are allowed, and partially backlogged. The optimal solution is obtained by the gradient search method. The
Mathematica 7 software is used as a solution tool to solve the non-linear constraints for the profit function. The study aims
to optimize the total profit function over a given cycle length and analyse the variation of certain crucial parameters. The
applicability and validity of the proposed inventory system are illustrated with the help of a numerical example and graphs

based on the variation of some pivotal parameters.
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Motivations and Findings: In the earlier existing inventory
systems, the demand pattern is assumed constant, time-
dependent, stock-dependent, etc. But in real-life situations, it
is not always possible that the demand is increasing or
decreasing with time. A large amount of inventory and the
price of products also attract customers to buy. Therefore,
the present study proposes an inventory control system for
decaying products with preservation technology, price, and
production-reliant demand.

The aim is to study the following,

1. The impact of selling price on the total profit function.

2. The impact of preservation technology on the total
profit function corresponding to the planning horizon.

3. The Impact of perishability on the total profit function
corresponding to the planning horizon.

This paper consists of sections 1 to 6. Section 1 describes
the introduction, Section 2 defines the assumptions and
notations, Section 3 shows the mathematical derivation of
the inventory system, Section 4 is a numerical example, the
section 5 presents the sensitivity analysis of some crucial
parameters of the inventory system, and finally, the section 6
is the conclusion.
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1. Introduction

The primary challenges for the manufacturing firms/
businesses are to redesign their inventory planning according
to the market demand. The market demand is directly
favourable to the sustainability of quality production. The
quality production has an inclusion of several factors, such as
preservation technology, advertising, pricing, costs, eco-friendly
etc. In real-world inventory control systems, the deterioration
of products cannot be ignored. The manufacturing firms can
reduce their deterioration rate by introducing the preservation
technology. Preservation technology is defined as an essential
component used to minimize the effect of deterioration.
It is also used to measure and control the deterioration rate
simultaneously. Nowadays, the preservation technology is
adopted by every manufacturing/businesses firm. Because
control on the deterioration of every type of products such as
bakery products, foods, grains, soft drinks, medicines, hardware,
glassware, vaccinesetc.is a big challenge. Ghare and Schrader
[1] described an inventory model for exponentially decaying
products. Datta and Pal constructed two inventory systems
[2] and [4]. In the inventory system [2], they focused on
an order-level inventory system for perishable products
incorporating power-demand pattern, and variable deterioration
rate. And, in the inventory system [4], they studied an inventory
system for decaying products. This system also includes
the price-sensitive and stock-dependent demand. Wee [3]
addressed a replenishment policy for decaying products with
price-dependent demand and variable deterioration rate.
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Teng and Chang [5] studied an economic production
quantity model for decaying products. This system includes
the price and stock-dependent demand. Wu et al. [6] stated
an optimal replenishment policy for non-instantaneous
perishable products with stock-dependent demand. They
assumed the partial backlogging in their inventory model.
Hou and Lin [7] analysed an EOQ (economic order quantity)
model for decaying products with time-value of money.
They included the stock and price-dependent selling rates
under inflation in their inventory system. Yang and Ouyang
[8] presented the retailer's optimal pricing and ordering policies
for non-instantaneous decaying items. They incorporated the
price-dependent demand and shortages in their inventory
model. Chang et al. [9] stated a supply chain inventory model
for decaying products. They discussed the manufacturer’s
optimal replenishment policies using ups and downstream
under trade credits.

The preservation technology has an important role in the
success of any manufacturing firm/industry. Hsu et al. [10]
developed an inventory model for deteriorating items with
preservation technology investment. Yang et al. [11] created
an inventory system for decaying products with a stock-
dependent consumption rate. They used inflation and shortages
in their model. Lee and Dye [12] studied an inventory system
for deteriorating items with stock-dependent demand and
controllable deterioration rate. Dye and Hsieh stated two
inventory systems [13] and [14]. In the inventory system
[13], they presented an optimal replenishment policy for
perishable items with an effective investment in preservation
technology. And, in the inventory system [14], they stated
a production inventory system for deteriorating items using
time-reliant demand under an effective investment in
preservation technology. Pal et al. [15] presented a production
system for decaying products. In their inventory system, they
included a three-stage trade-credit policy and a three-layer
supply chain. Dye [16] addressed an inventory system for
non-instantaneous decaying products with preservation
technology. Bhunia and Shaikh[17] analysed a deterministic
inventory system for perishable products. They included the
selling-price varying demand and three parameter Weibull
distribution. Zhang et al. [18] presented an optimum pricing
policy for an inventory system of deteriorating items using
preservation technology investment.

Imperfect Production Models:

In the present real-world situations, every business firm
faces extreme competition regarding quality production,
nominal price, price-discount, and timely delivery. The
imperfect production cannot be ignored in any manufacturing
system. It occurs due to improper manufacturing process,
damage, inspection errors, or any other machine-related
reasons. Jaggi and Tiwari [19] discussed an inventory model
for decaying products with imperfect quality production.
Yang et al. [20] described an inventory system of perishable
products with an optimum dynamic trade credit. They also
included the preservation technology allocations for perishable
products. Zhang et al. [21] created an inventory system with

pricing, service, and preservation technology investment
policy. They used the common resource constraints for
decaying products in their inventory model. Mishraetal. [22]
examined a controllable deterioration rate for an inventory
model with price, and stock- dependent demand. They also
incorporated the preservation technology and shortages
in their inventory model. Pal et al. [23] stated an optimal
replenishment policy for non-instantaneous perishable items.
They used the preservation technology and random
deterioration rate in this model.

Warehouses Inventory Models:

Warehouse management is also an essential factor for
production firms. The production firms feel the need for
rented warehouses when it produces the surplus to meet
future demand. Khan et al. [24] described a two-warehouse
inventory system for decaying products using an advance
payment scheme and shortages. Shaikh et al. [25] discussed
an EOQ model for perishable products with time-pattern
demand and preservation technology. They also considered
the partial backlogging in their inventory system. Shaikh
et al. [26] created two warehouse inventory systems for
deteriorating items with advance payment and interval-
valued inventory costs under the particle swarm optimization
technique. He et al. [27] presented an optimal pricing and
replenishment policy for an inventory system of non-
instantaneous decaying items with preservation technology.
Shen et al. [28] constructed a profit-optimizing production
model for deteriorating items, incorporating preservation
technology investment and carbon tax. Das et al. [29] examined
the applications of preservation technology for a profit
optimization inventory system of decaying products. In their
inventory system, they used the price-dependent demand and
partial backlogging. Vada et al. [30] discuss sustainable
production strategies for deteriorating and imperfect quality
items. They used the preservation technology investment in
their inventory model and optimized the total inventory cost.
Kumar [31] addressed joint pricing and ordering policy for
an advance sales system of perishable items incorporating
partial order cancellations and price-varying linearly decreasing
demand. Singha et al. [32] examined the benefit of preservation
technology together with promotion, time-dependent
deterioration, and fuzzy learning. Sindhuja and Arathi [33]
introduced a cost-optimizing inventory model for deteriorating
products with time-dependent quality demand and preservation
technology. Niketa[35] optimized an inventory management
for non-instantaneous deteriorating items. In her inventory
model, she discussed the synergistic role of preservation
technology and green investment.

Research Gap: Several existing inventory models are
reviewed and compared with the proposed model consisting
of production and selling price varying demand. In compliance
with this, Sharma and Rathore [34] stated an inventory
model for deteriorating items with hybrid type demand
and returns in preservation technology investment. Punetha
et. al. [36] created a re-manufacturing inventory model for
deteriorating items with volume flexibility. Tshinangi et al.



American Journal of Operational Research 2026, 16(1): 1-11 3

[37] presented a two-echelon supply chain inventory model
for perishable products with a shifting production rate. This
model also considers the stock-dependent demand rate and
imperfect quality raw material. Zhanbing and Yejie [38]
introduced an inventory model for deteriorating products
with stock-dependent demand and variable holding cost. They
discussed an optimal order quantity for unknown parameters.

2. Assumptions and Notations

The proposed inventory control system consists of the
following assumptions and notations for parameters,

1. The production system produces a single product.

2. The production rate is P(t) = P.

3. The price and production reliant demand is
D(s,P)=a+ bP +cs, where a,b,c>0 are
constants and s is the selling price.

4. The deterioration rate is 8(t) = 8(1 — m(¢§)), where
m@E) =1—e 5.

5. The deterioration rate 8(t) is reduced by preservation
technology. m(§) =1 —e~% is the preservation
technology function.

6. & represents the preservation cost per unit per unit
time.

7. & represents the backlogging parameter.

8. o, represents the ordering or set up cost per unit per
unit cycle.

9. h, represents the holding cost per unit per unit cycle.

10. s, represents the shortage cost per unit per unit cycle.

11. p. represents the production cost per unit per unit
cycle.

12. I, represents the lost sales cost per unit per unit
cycle.

13. T; is the length of production period.

14. T, is the time at which production level becomes zero.

15. T isthe cycle length.

16. T,,T,,and T are decision variables.

17. The lead time is zero.

18. The time horizon is finite.

19. I(t) is the inventory level at any time t.

20. II(Ty, T,,T) is the total profit function per unit cycle.

3. Mathematical Derivation
of Inventory System

Let us consider an inventory system in which production
starts at time ¢t = 0 and reaches a maximum level at time
t=T,. In time interval [0,T;], the production level
decreases due to demand and deterioration simultaneously.
The remaining production level also decreases due to both
demand and deterioration in the time interval [Ty, T, ], and
becomes zero at time t = T,. The shortages are partially

backlogged in time interval [T,,T] atarate B(t) = 1+5(1T—t)'

where § and t are are the backlogging and waiting time
parameters. Throughout the replenishment cycle the deterioration
rate is reduced by preservation technology. The pictorial
representation of the production system is depicted in the
following figure 1.

Production Level

Time
Back Orders

Lost Sales

Figure 1. Inventory Model

The instantaneous inventory level/production level at any
time t is followed by the given differential equations,
DO 4 e L () =P—(a+bP+cs),0<t<T; (1)
With a boundary condition, 1;(0) =0
dl,(t)
dt
With a boundary condition, I,(T;) = P
diz(t) _ _ (a+bP+cs)
at ~ 1+486(T-t)’
With a boundary condition, I5(T,) =0
The solutions of equations (1), (2) and (3) are given by the
equations (4), (5) and (6) respectively.

+@e L(t)=—(a+bP+cs), T, <t<T, (2

T,<t<T ?)

L) =S {~a+PA-b) —cs}{1-e" 0} 0 <T, @)

3 - - - -
L) = %{a + P(1 —b) + cs} [e(ge O, g=0e ™5t _ 1] + Pe(0e™T =075,

TlStSTZ

®)

13(t)=(a+bP+cs)[—t+T2+5Tt—5TT2+§T22—§t2,T2 StST], (6)
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The total profit per unit cycle is,
1
(T, T, T) = 2[Sk = (Oc + He + S¢ + Lse + Pe)]

U]

Where, O, H¢, S, Lse, P and Sy are the ordering cost, holding cost, shortage cost, lost sales cost, purchase cost and sales

revenue per unit cycle.
The respective associated inventory costs are calculated as follows,
The production set up cost per unit cycle is

The holding cost per unit cycle is
hc Ty T
T 0 Ty

Putting the values of I, (T) and I,(t), we obtain

h 1 1 1
He = 7C [{—a +P(1—-b)— CS}Ele +{a+P(1—b)+cs} (T1T2 - §T12 - ETZZ)

+P (T, =Ty + 0 e T,T, — 2T — 2e 413 )
The shortage cost per unit cycle is
S T
T T,
Putting the value of I5(t), we have

SC=

Sc (a+bP+cs) [
T 6

The lost sales cost or opportunity cost per unit cycle is

e (7 1
L= [1-——0n— P
sc Tsz[ 1+6(T_t)l(a+b + cs)dt

After simplifying, we get
Lsc ==(a+ bP + cs)8(T? + T — 2TT,)

The sales revenue per unit cycle is
T; Ty T
Sp = s[ (a + bP + cs)dt + (a+ bP + cs)dt + (a+bP+cs)dt]

0 Ty T;
After simplifying, it becomes

Sg =s(a+bP + cs)T
The production cost per unit cycle is

Pc =p.T

Putting the values of above calculated inventory costs given by the equations (8) to (13) in equation (7), we obtain

1 1
(T, T,, T) = T [—(o. + p..P) + s(a + bP + ¢cs)T — PT, + PT, + > (2a + 2c.s

+POe~$)h T — = (sc + 2615 )(@ + bP + )T + > {(a + P(1 — b)cs)h,
+POe~Sh.— (s, + 2ls.)(a + bP + cs)}TZ — h.(a+ P(1 — b) + cs
+POe )T, T, + (s, + 26L,c) (@ + bP + cs)TT, + 5 (a + bP + cs)T*

26350 (a+bP +cs)T3 + % (a+ bP + cs)TT? — 8s.(a + bP + ¢s)T?T,

8¢
2

+

(a+ bP + cs)T,TZ]

The profit function will be maximum necessarily, when the three equations given in the equation (15) are satisfied.

O(TY,To,T) _ p ON(TLToT) o ON(TLToT)

Ty ar, ' aT -

]

—3T2 — 3T2 + 28 T® + 48T3 + 6TT, + 36TTZ — 68T2T, — 38T, TZ]

®)

)

(10)

(1)

(12)

(13)

(14)

(15)
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After solving the equations in (15), we find the optimum values of decision variables T, ,T, and T, at which the profit

function will be maximum.

To obtain the first order partial derivatives of the profit function I1(Ty, T,, T), we differentiate the equation (14) with

respectto T, ,T, and T respectively.

ol(Ty, T,, T 1
M o) _ [P+ h.(2a + 2cs + POe~%)T, — h(a+ P(1—b) + cs + Pe~*)T?

oT, T
8sc 2
— 2 (a + bP + c5)T| (16)
on(T,,T,, T 1
% = ?[—P —h(a+P(—b)+cs+POe )T, +{(a+P(1—b)+cs
2
+POe~%)h, — (s, + 2ls.)(a + bP + cs)T, + (s. + 261,.)(a + bP + cs)T
+268s.(a+ bP + ¢cs)T? + 8s.(a + bP + ¢s)TT, — 8s.(a + bP + cs)T?
—8s.(a+ bP + cs)T,T,] a7
(T, T, T) 1
— a7 -7 [s(a +bP+cs) — (s, + 26 l,.)(a+ bP + cs)T + (s, + 268 I,)T,
+s.(a + bP + cs)T? + % (a+ bP + ¢s)T} — 26s.(a + bP + cs)TT,]
—T—lz [—(o. + p..P) + s(a + bP + ¢s)T — PT, + PT, +§(2a + 2c.s
+POe™$)h T — = (sc + 2615 )(@ + bP + )T + > {(a + P(1 — b)cs)h,
+POe~Sh.— (s, + 2ls.)(a + bP + cs)}TZ — h.(a+ P(1 — b) + cs
+PO )T, + (5. + 261,c)(a + bP + cS)TT, +E (a + bP + ¢s)T?
+ 2(;56 (a+bP +cs)T3 + % (a+ bP + ¢cs)TT? — 8s.(a + bP + ¢cs)T?T,
— %t (a + bP + cs)TyT] (18)
4. Numerical Example
Let us consider the following numerical data for the parameters of the model in appropriate units as follows:
P =3000,0, = 50,h, =8, s, = 3,l,, = 4,60 = 0.01,a = 200,b = 5,c = 6, = 0.01,s = 25,p. = 15,6 = 0.2
Table 1. Variation in total profit concerning deterioration parameter H(Tl, Tz:T) with respect to the deterioration parameter 6
9 T, T, T (T, T, T) for the optim_al values of decisio_n variables, T;,T,, and T.
001 | 432442 22679 | 6.8279 21741107 The other variables are assumed fixed. o
0.03 43.3967 22 8549 6.7339 215425407 In_ context_ of Table 1, FlgL_Jre 2 exhibits the d_eplctlon of the
005 | 435787 93.0306 6.6230 21285107 profit function corresponding to the replenishment cycle
007 | 436410 | 231981 | 65007 2.1010107 length T.
0.09 43.7234 23.3649 6.3728 2.0675%107
IT
2.16x107 /
2.14x107 ¢ 220 %107
2.12x 107 f / 21554407 63
2.10x 107 ¢ 210%10°
208x107¢ o~ 205107,
2.06x107 |
- T

6.5 66 67 638

Figure 2. Variation in total profitw.r.to T 0.0g

Table 1 shows the variation in total profit function Figure 3. Variation in total profitw.r.to 8 and T
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Regarding Table 1, Figure 3 shows the 3D pictorial depiction
of the profit function.

Table 2. Variation in total profit concerning selling price parameter

s T, T, T (T, T,,T)
25 43.2442 22.6796 6.8279 2.1741x10’
30 43.4128 22.7801 6.8552 2.2531x10’
50 44.0824 23.1771 6.9648 2.5769x%10’
60 44.4144 23.3725 7.0197 2.7439x10’
70 44.7444 23.5659 7.0746 2.9141x10’

Table 2 shows the variation in the profit function
(T, T,, T) corresponding to the selling price parameter, s
for the optimal values of decision variables T;,T,, and T
respectively. The other variables are considered constant.

I1

1.10x 107 |
1.05x 107
1.00x 107 |

9.50><106-//.
a0 50 60 70

Figure 4. Variation in total profitw.r. to s

§

Regarding Table 2, Figure 4 is the depiction of the profit
function with respect to the selling price parameter s.

Figure 5. Variation in total profitw.r.tosand T

Corresponding to Table 2, Figure 5 is the 3D pictorial
depiction of the profit function with respectto sand T.

Table 3. Variation in total profit concerning preservation technology
parameter
¢ Ty Tz T (T, T5,T)
0.01 35.3247 22.2734 2.6169 8.7144%10°
0.02 35.3220 22.2726 2.6175 8.7099x10°
0.04 35.3167 22.2709 2.6165 8.7062x10°
0.06 35.3115 22.2693 2.6155 8.702610°
0.09 35.3039 22.2669 2.6140 8.6971x10°

Table 3 gives the variation in the total profit function

I(T,,T,,T) with respect to the preservation parameter ¢
keeping the other variables fixed.

I1

2.1741><1\01-\\

2.1740x 10’

2.1739 % 107

2.1738 x 107

.
.

0.04 0.06 008

Figure 6. Variation in total profitw.r. to ¢

In the regarding of Table 3, Figure 6 is the depiction of the
profit function with respect to the preservation parameter ¢.

IT

2.1752x 107

2.1750% 107

2.1748 x 107

2.1746x 107

2.1744x107 |

6.8285 6.8290 6.8295 6.8300 6.8305 6.8310

Figure 7. Variation in total profitw.r.to T

Regarding Table 3, Figure 7 is the depiction of the profit
function with respectto T.

21750 3107 £
2174507
2.1740 %107

nog

Figure 8. Variation in total profitw.r.to & and T

In view of Table 3, Figure 8 is the 3D pictorial depiction of
the profit function.

Table 4. Variation in total profit concerning backlogging parameter

é T, T, T (T, T,,T)
0.2 35.3247 22.2734 2.6169 8.7144>10°
0.4 17.8041 11.1575 1.2299 2.5479%10°
0.6 17.1719 7.7134 8.7434 7.7154x10°
0.8 8.8599 5.5899 9.0089 4.461110°
0.9 8.6518 5.0116 0.6716 9.1205%10°




American Journal of Operational Research 2026, 16(1): 1-11

Table 4 presents the variation in the profit function
(T, T,, T) corresponding to the backlogging parameter &
after keeping the other variables fixed.

I1

2.9%107
2.8%x107 ¢
2.7><10; -
2.6x10"

2.5><10; 3 /

24x10'

2.3x107 ¢ /

2 : : : - T
7.5 80 85 90

Figure 9. Variation in total profitw.r.to T

-

In the context of Table 4, Figure 9 shows the depiction
of the profit function corresponding to the backlogging
parameter §.

215407

Figure 10. Variation in total profitw.r.to § and T

Regarding Table 4, Figure 10 shows the 3D depiction of
the profit function.

Table 5. Variation in total profit concerning production parameter

P T, T, T (T, T,,T)
3000 43.2442 22.6796 6.8279 2.1741x10’
4000 42.7471 22.3773 6.7549 2.8012x10’
5000 42.4474 22.1932 6.7114 3.4295%10’
6000 42.2469 22.0694 6.6832 4.0586>10"
7000 42.1036 21.9804 6.6630 4688110’
8000 41.9959 21.9132 6.6479 5.3179x10’

Table 5 focuses on the variation of the profit function
corresponding to the production parameter P for the optimal
values of decision variables T;, T,, and T assuming the other
variables are fixed.

In view of Table 5, Figure 11 shows the depiction in the
profit function corresponding to the production parameter.

In view of Table 5, Figure 12 shows the pictorial depiction
in the profit function corresponding to the replenishment
cycle length.

s

5.5%107 f
5.0%107 |
45%107 } .
40%107 |
35%107 |
30107 f .

I -I./I;| T T T T N T 1
" 4000 5000

6000

. T-;[I'I[I'[II' - E;I}IEI'I}P
Figure 11. Variation in total profit w. r. to production parameter
II
217x107 |

216107 | .

- | -

d 6.70 6.75 6.80

Figure 12. Variation in total profitw.r.to T

Figure 13. Variation in total profitw.r.to T; and T,

Regarding Table 5, Figure 13 shows the 3D pictorial
depiction in the profit function.

5. Sensitivity Analysis

The sensitivity analysis of the crucial parameters shows:

1. Regarding the Table 1, as the deterioration parameter
@ increases, the profit function decreases. With regards
to the decision variables, an increase in deterioration
parameter 6 also increases the production period Ty,
and decreases the replenishment cycle length T. The
cause of this is that the preservation technology cost
increases.

2. In view of Table 2, as the selling price parameter s
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increases, the profit function increases. With regards
to the decision variables, an increase in selling price
parameter s also increases both the production period
T, and replenishment cycle length T. The reason for it
is that the more sales revenue earned on the increased
production level.

3. Corresponding to Table 3, as the preservation technology
cost parameter & increases, the profit function decreases.
With regards to the decision variables an increase in
preservation technology cost parameter & also decreases
both the production period T, and the replenishment
cycle length T.

4. In view of Table 4, as the backlogging parameter ¢
increases, the profit function decreases. With regards
to the decision variables, an increase in backlogging
parameter ¢ also decreases both the production period
T, and replenishment cycle length T.

5. In the context of Table 5, as the production parameter
P increases, the profit function increases. With regards
to the decision variables, an increase in production
parameter P also decreases the production period T,
and replenishment cycle length T.

6. Conclusions

The proposed inventory control system considers price
and production-reliant demand. The manufacturing firm
increases its profit by introducing the preservation technology
and decreasing the replenishment cycle length. The profit of

Appendix 1

the manufacturing firm is also affected by the selling price
and backlogging rate. The increased rate of selling price
increases the profit of the firm as the replenishment cycle
length and production periods are increased. The increased
backlogging rate increases the profit if the replenishment
cycle length increases. In the future, this system can be
generalized by introducing some crucial assumptions, such
as reliability, delay in payment, an advance payment scheme,
etc., and some realistic assumptions on lead time, demand,
backlogging, advertisement, etc.
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For an optimal profit, the second order derivatives of the profit function are as follows,

82I(Ty, T, T) _ 1

i [he(2a + 2cs + Pge?] 1)
0%N(Ty, T, T) 1 _
Tlarz == [-{(a+P(1—b)+cs+POe*)h,—8s.(a+bP + cs)T,}] )
0%1(Ty,T,, T 1 _ _
WTZ) =-= [P+ (2a + 2¢cs + Poe~%)h Ty —{a+ P(1 — b) + cs + POe~*}h.T,
_ é’Sc(a+2bP+cs) T22] (3)
0%M(Ty,To,T) 1 _
ﬁ == [-{a+P(1—b)+cs+POe*}h, — 8s.(a+ bP + cs)Ts] 4)
2
TR = 2[—{—(a + P(1 - b) + cs + POe™)h, + (s¢ + 2Lc)(a + bP + cs)}
2
+8s.(a + bP + ¢cs)T, + 6s.(a + bP + ¢s)T — 6s.(a + bP + cs)T, ] (5)
2
% = %[(sc + 26s;) + (s; + 6s.)(a + bP + ¢s)T, — 26s.(a + bP + ¢s)T]
2
— =[P —{-(a+P(1 = b) +cs + POe™h. + (s. + 2Lc)(a + bP + cs)}T,
—{a+ P(1—b) +cs+ Poe*}h.T, + (s. + 2l;.)(a+ bP + cs)T
+268s.(a + bP + ¢s)T# + 8s.(a + bP + ¢s)TT, — 8s.(a + bP + cs)T?
—8s.(a + bP + ¢s)T T, ] (6)
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0%I1(Ty,T,,T) 1
T;le =-= [P+ (2a + 2cs + POe®)h, T, —{a + P(1 — b) + cs + POe’}h.T,

8¢
2

[(sc + 281s.)(a + bP + ¢s) + 6s.(a + bP + ¢s)T, — 26s.(a + bP + ¢s)T]

(a + bP + cs)T22]

0%I(Ty,To,T) _ 1
aTaT, T

— [P —{—(a+P(1 = b) +cs +POe™Hh, + (s + 2Lc)(a + bP + cs)}

—{a+P(1—b) +cs + POe *}h. T, + (sc + 2815.)(a + bP + cs)T

+28s.(a + bP + cs)T? + 8s.(a + bP + ¢s)TT, — 8s.(a + bP + ¢s)T?
—6s.(a + bP + ¢s)T, T,]

% = %[—(sc + 261l,.)(a + bP + cs) + 2s.(a + bP + ¢s)T
—2s.(a + bP + ¢s)T,] — % [s(a+ bP + cs) — (s, + 261, )(a + bP + ¢cs)T
+(sc + 281;.)(a+ bP + ¢s)T, + s.(a+ bP + ¢s)T? + % (a+ bP + cs)T?
—8s.(a+ bP + cs)TT,] + T2—3 [-(oc + p.P) + PTy — PT, + s(a + bP + ¢s)T
+%(2a + 2cs + POe~*)h TZ + ;{(a +P(1—b) +cs + Phe~*)h,
—(s¢ + 2ls)(@+ bP + cs)}TF — (s + 2615 (@ + bP + cs)T?
—{a+P(1—b) +cs+ Pe*}h T, + (s. + 28L;.)(a + bP + cs)TT,
+S;”(a + bP + cs)T3 + %(a + bP + cs)T} + %(a + bP + ¢s)TT?

85S¢
3

sb¢

(a + bP + cs)T?T, —
2

(a + bP + cs)TlTZZ]

Appendix 2
The optimal values of decision variables T,.T, and T, are obtained by setting the equations,
OII(Ty,T,,T) _ OII(T,T2,T) _ OII(T1,T2,T) _
ar, 0, T, 0, and —ar 0

The second order derivatives conditions for the maximum values of profit function are as follows,

9211(Ty, Ty, T
P02 < 0, and

The Hessian matrix H is negative semi-definite. And o
1

A2M(TyTp,T) 02T(Ty,T,,T)

_ aTE 3T, 0T,
H12 - 2 2 0
0°I1(T1,T2,T) 0°11(Tq,T2,T)
OT,0T, aT?

The Hessian matrix is defined as follows,

aTE AT, 0T, T, 0T
0%1(Ty, T, T) 0%I(Ty,T2,T) 02I(Ty,Ty,T)

0T,0Ty T} T,0T
921(Ty,To,T) 0%11(Ty,T2,T) O2I(Ty,To,T)
l oTaTy aTaT, aT? J

02I(Ty,Tp,T) 9*T(Ty,T,,T) aZH(Tl,Tz,T)}

H =

Numerically, the Hessian matrix H is

H = 12266.20016 34902.37891 319132.76484

43334.03449 130199.29862 158630.83162

—854.96448 — 16976.9223 104.13432 l

U]

®)

©)
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