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Parameter Inference of Transmuted
Power Lomax Distribution
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Abstract The main purpose of the paper is to investigate the inferences for the unknown parameters of the transmuted
Power Lomax (TPL) distribution proposed by Moltok [25]. Maximum likelihood (ML) method is used to estimate the
unknown parameters of TPL distribution. A simulation study evaluating the performance of the maximum likelihood
estimators is conducted and a comparison of performance is made. The Likelihood Ratio (LR) and Wald (W) tests are derived
for testing the null hypothesis. A simulation study evaluating the performance of the (LR) and (W) test statistics in terms of
their size and power in testing hypothesis of the parameters of the TPL distribution. Moreover, the confidence intervals of the
parameters of transmuted Power Lomax (TPL) distribution based on likelihood ratio and Wald statistics are evaluated and
compared through the simulation study. The criteria used in evaluating the confidence intervals are the attainment of the
nominal error probability and the symmetry of lower and upper error probabilities.

Keywords Transmuted Power Lomax distribution, Maximum likelihood estimation, Likelihood ratio test, Confidence

interval, Coverage probability, Simulation

1. Introduction

The Lomax distribution proposed by Lomax [23] as a kind
of Pareto-11 was introduced originally for modelling business
data and has been widely applied in a variety of contexts,
thanks to its flexibility. Many authors have proposed
extensions of the Lomax distribution and the three-parameter
continuous distribution which we have power Lomax (PoLo)
distribution developed by El-Houssainy et Al. [13], is one
of them. Power Lomax distribution accommodates both
decreasing and inverted bathtub hazard rate that is required
in various survival analysis. In the literature, there are
several extensions of the Lomax distribution, these among
others include the weighted Lomax distribution by Kilany
[18], exponential Lomax distribution by El-Bassiouny et al.
[12], exponentiated Lomax distribution by Salem [29],
transmuted Lomax distribution by Ashour and Eltehiwy [4],
Poisson Lomax distribution by Al-Zahrani and Sagor [3],
Weibull Lomax distribution by Tahir et al. [32], power
Lomax distribution by Rady et al. [28], Mar-shall-Olkin
extended-Lomax by Ghitany et al. [14] and Gupta et al. [15],
Beta—Lomax, Kumaraswamy Lomax, McDonald-Lomax by
Lemonte and Cordeiro [22], Gam-ma-Lomax by Cordeiro
et al. [7] and Exponentiated Lo-max by Abdul-Moniem [2].
The cdf and pdf of the transmuted Power Lomax distribution
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are obtained using the steps proposed by Shaw and Buckley
[31]. A random variable X is said to have a transmuted
distribution function if its pdf and cdf are respectively given
by;

fO) =g)[(1+2) —226(x)] @
and

F(x)=(1+2)G6(x) — AG(x)? 2)
where; x > 0, and |A| <1 is the transmuted parameter,
G(x) is the cdf of any continuous distribution while f(x) and
g(x) are the associated pdf of F(x) and G(x), respectively.
Recently, various generalizations have been introduced
based on the transmutation map approach. Moltok et al. [25]
proposed the transmuted Power Lomax distribution as an
extension of the popular Lomax distribution in its power
transformation-form using the Quadratic rank transmutation
map. The pdf of the transmuted Power Lomax distribution is
defined by

£ = apo® xF1 (6 + x,;)—(aﬂ)
[er-20-0@+0))] @

The corresponding cumulative distribution function (cdf)
of transmuted Power Lomax distribution is given by

Fo) =1+ (1-0%(xf +6))
“A(1 -6 (xF +6) )" “)

where, x> 0,a,8,0 >0,-1 <A< 1.
The work in this paper is concerned with the investigation
of the parameters inference for the transmuted Power Lomax
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distribution. The maximum likelihood estimator of the
parameters of transmuted Power Lomax distribution is
not available in closed form. Thus, a simulation study is
conducted to investigate the bias, finite sample variance
(FSV), and the mean square error (MSE) of the maximum
likelihood estimator of the parameters of the transmuted
Power Lomax distribution. The adequacy of variance estimates
obtained from the inverse of the observed information matrix
is also considered. Exact testing hypothesis procedures for
the transmuted Power Lomax distribution are intractable.
Therefore, two standard large sample statistics based on
maximum likelihood estimator were considered, which
are the likelihood ratio and the Wald statistics. Their
performances in finite samples in terms of their sizes and
powers are investigated and compared. Confidence intervals
based on the likelihood ratio and the Wald statistics were
studied. The performances in terms of the attainment of the
nominal error probability and symmetry of lower and upper
probabilities were investigated and compared. The rest of
this paper is organized as follow: Section 2 presents the
parameter inference for the transmuted Power Lomax (TPL)
distribution. A simulation study evaluating the performance
of the maximum likelihood estimators and the size and power
of the LRT and Wald are compares. Another simulation study
evaluating the accuracy of approximate confidence intervals
for the four-parameter of the TPL distribution. The conclusion
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is reported in Section 3.

2. Parameter Inference

Inference can be carried out in three different ways:
point, interval estimation and hypothesis testing. Several
approaches for parameter point estimation were proposed in
the literature but the maximum likelihood method is the most
commonly employed. The MLEs enjoy desirable properties
and can be used in testing statistics. Large sample theory for
these estimates delivers simple approximations that work
well in finite samples. Statisticians often seek to approximate
quantities such as the density of a test statistic that depend
on the sample size in order to obtain better approximate
distributions. The resulting approximation for the MLEs in
distribution theory is easily handled either analytically or
numerically. So, we consider the estimation of the unknown
parameters of the TPL distribution by the method of maximum
likelihood.

2.1. Parameter Estimation

Suppose x4,X5...,X, be arandom sample consisting of n
observations from the four-parameter transmuted Power
Lomax distribution. Let © = (a,8,8,1)" be the vector of
the parameters. Then the log-likelihood function for the
vector of parameters ® can be expressed as

1(0) =nloga+nalogb +nlogB + (B —1) XL, log(x;)
—(a+ 1) Xy log(8 +xf) + Xy log (1+A— 221 —0%(0 +x7) ) ®)

The first order partial derivative with respect to «, 8,60 and A then equating it to zero, we obtain the component of the

score vector U(®) is given by

a1(0)

zx(e“ log@®)(6-+xP )+ 10gi?€9+xiﬁ)(9+xiﬁ)7a)

n
AO) _ 1 4 n1og(6 —Z log[6 + x*] — -
oc 0 °8(®) i=1 Og[ Xl] 1+A—2M1—9°‘(6+X?) ©)
o) _ +Z ] [ ] ( + 1)2 log [x;] x n Zo(e‘)‘}‘log[xi]xiB (6+X?)_a_1
ao) _n <. n a
% -108 . ( 1) =1 1+)\—2)\(1—6°‘(9+XF) ) )
—a—1 —a
21(0) _ na a0 (o) —a0n (04f) )
O M (a+1 n ©
96 (ot ) 2 ( 5 ~ 2 1+x—2x(1—ea(e+xf) ) ®)
1-2(1-0%(0+xF)
= ( ) ©)

1+}\—2)\(1 ea(e+x‘3) )

The maximum likelihood estimators @,(,8,A of the
unknown parameters o, 6, 3, A respectively, can be obtained
by setting the score vector to zero and solving the system of
nonlinear equations simultaneously. Since there is no closed
form solution of these non-linear system of equations,
we can use numerical methods such as Newton-Raphson
type algorithms to numerically optimize the log-likelihood
function to get the maximum likelihood estimates of the
parameters «, 6, 3, A. To compute the standard error and the

asymptotic confidence interval, we use the usual large
sample approximation in which the maximum likelihood
estimators for ® can be treated as being approximately
normal. For a random sample x4,x,...,x, of size n from
x, distributed with pdf (3), the sample log-likelihood is

1(0) = XL, 1;(0), where 1;(0) is the log-likelihood for the
ith observation i = 1,2,...,n, and the score vector is

9L®) _ yn 09L(®)

a0 ~ “i=l j¢
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The maximum likelihood estimate (MLE) ® of © is
obtained by solving the system
al©) _
0 0

Under  certain conditions, vn(® — @)

d d
> N(0, I71(®)), (here — stands for convergence in
distribution), where 1(®) denotes the information matrix

given by
_ 921(0)
©)=F (a@ae')

regularity

This information matrix [(®) may be approximated by
the observed information matrix

. 2
@)= () 0

. . . ~ d

Then, using the approximation, vn(® —0)-

N(O, 71 (@)), one can carry out tests and find confidence
regions for functions of some or all parameters in @®.

2.1.1. Simulation Study

Here, we assess the finite sample behaviors of the MLEs
for the four-parameter TPL distributions. The assessment of
the finite sample behavior of the MLEs for this distribution
was based on the following:

1. Use the inversion method to generate two thousand
samples of size n from the TPL distribution, i.e.
generate values of:

B

(10)

X =
—1+4u

1
o0+ 2—71 (9“(—1+x—‘/1+x(2—4u+x)))al

2. Compute the MLEs for the two thousand samples, say
@, B, 0,A) fori=1.2,...,n.

3. Compute the bias, finite sample variance (FSV) and
mean squared errors (MSE) for two thousand samples.
The finite sample variance (FSV) are computed by
inverting the observed information matrix. Bias and
MSE are given by:

Bias(0) = Y28, -0)  (11)
MSE(®) = —32%0(8, —0)°  (12)

2000
for @ =0q,8,6,A
4. We repeat these steps 2000 times (iteration) for n= 10,
40, 70, 100, 150, 200, and 300, so computing
Bias(®), MSE(®), FSV(®) for ® = a,B,6,A. The
average estimates, along with the bias, mean squared
error and finite sample variance are presented in Table 1.
According to Table 1 and Figure 1, we could see that the
estimates of all parameters have insignificant bias for all
sample sizes. The biases for the all parameters are positive.
Shape estimator and transmuted estimator have the smallest
bias compared to the other estimators. The bias, finite
sample variance and mean squared errors decrease to zero as
the sample size increases. This verifies the consistency
properties of the estimates.

Table 1. Average MLEs of the parameters and the corresponding biases, MSE and FSV

Sample size

5] 10 40 70 100 150 200 300
a 0.0950510 | 0.0238070 | 0.0135570 | 0.0094020 | 0.0064170 0.0046060 0.0016060
MLEs é 0.0566670 | 0.0141730 | 0.0080730 | 0.0055730 | 0.0037830 0.0027070 0.0022070
0 0.0101860 | 0.0025480 | 0.0014510 | 0.0010080 | 0.0006880 0.0004950 0.0001950
1 0.0400254 | 0.0099940 | 0.0056930 | 0.0039065 | 0.0026367 0.0018768 0.0006548
a 0.1419490 0.0354420 | 0.0201930 | 0.0138480 | 0.0093330 0.0066440 0.0015420
Bias {? 0.1645330 0.0411270 | 0.0234270 | 0.0161270 | 0.0109170 0.0077930 0.0025530
0 0.1952140 0.0488020 | 0.0277990 | 0.0191420 | 0.0129620 0.0092550 0.0015140
1 0.1495750 | 0.0374050 | 0.0213070 | 0.0146940 | 0.0099630 0.0071230 0.0013540
a 0.1275821 | 0.0318246 | 0.0181378 | 0.0123808 | 0.0082973 0.0058869 0.0024891
MSE /:? 0.1713402 | 0.0428213 | 0.0243937 | 0.0167797 | 0.0113501 0.0080975 0.0009845
0 0.2411977 | 0.0602957 | 0.0343464 | 0.0236392 | 0.0160006 0.0114197 0.0011473
1 0.1416079 | 0.0354232 | 0.0201774 | 0.0139296 | 0.0094542 0.0067656 0.0015634
a 0.0481996 | 0.0138060 | 0.0080007 | 0.0056242 | 0.0038812 0.0028085 0.0009575
Fsv [:’ 0.0171174 | 0.0048857 | 0.0028316 | 0.0019731 | 0.0013489 0.0009698 0.0004737
0 0.0005584 | 0.0001585 | 0.0000918 | 0.0000648 | 0.0000447 0.0000325 0.0000015
1 0.0085469 | 0.0024305 | 0.0014090 | 0.0009698 | 0.0006553 0.0004662 0.0000527
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Figure 1. Relationship between the bias (a), FSV (b) and MSE (c) of the
estimators and sample size

2.2. Testing Hypothesis

For the four-parameter TPL distribution given in (6), we
shall consider testing the null hypothesis, Hq: ® = ©, with
the alternative H;: ® # ©,. For testing H, versus H;, two
commonly used tests based on the statistics proposed by
Neyman and Pearson that is the likelihood ratio statistic [26]
and Wald [35] are employed. For the likelihood ratio and
Wald tests of H, versus H;, one needs the maximum
likelihood estimators of ©® = (a,8,6,4) under H,. The
likelihood ratio test statistic for testing H, versus H; is

wy = 2[U(6;x) = 1(By; x)] (13)
The Wald test statistic for testing H, versus H; is
w, = (0—-0,)[1%°(®)] '(0-0,) (14
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where ® and O, are the MLEs under H; and H,,

[19° ()] the inverse of one of the parameters  section of
the matrix of the second partial derivatives evaluated at
® = (@ B,6,1). The statistic w; and w, are asymptotically
(as n — oo) distributed as )((Zr), where r is the dimension of
the subset Q of interest. The likelihood ratio and Wald tests
rejects Hy if w;(0) >)((21‘1_y). In practice with various
sample sizes, the powers of these tests differ, and the relative
performance of the test changes from model to model
(Lawless, 1982). Since it is of utmost important to use the
test with highest possible power, it is necessary to apply
these tests using finite sample to get a better understanding of
the process. To investigate the performance of the likelihood
ratio and Wald tests, we shall compare the size and the power
of the likelihood ratio and Wald test statistics. Size of the test
is determined as the number of rejections of the null
hypothesis divided by the total number of replications,
(Abood and Young, [1]). The Size of the test is given by
(wi(®0)>)((21‘17y),when Hy is true)

w; = ,i=1234 (15
2000

where 04 = (g, Bo, 09, Ao). The power of the test at a given
©® in the parameter space is computed as the number of
rejections of the null hypothesis given that the true value of
the parameter is ©. The Power of the test is given by

(wi(9)>)((21,1_y),when 0 is true)

i =1,2,3,4 (16)
2000

w; at® =

2.2.1. Simulation Study

In this simulation study, the level of significance taken is
0.05 and the sample size chosen are 10, 40, 70, 100, 150, 200
and 300. We then compare the size and the power of the two
test statistics with the various sample sizes. The value
specified by the null hypothesisis 0 = a,8,0,1 = 0.

The results of the simulation are given in Tables 2 and 3.
The results concerning the size of the tests for the estimator
are given in Table 2. The results on the power performance
of the tests for the estimators are given in Table 3.

Table 2 shows that the sizes of the tests converge to the
nominal sizes as the sample size increases and higher values
of the sample size in test sizes are closer to the nominal sizes.
In testing the parameters © = (a, 8, 6, 1), Likelihood Ratio
and Wald tests perform well for all sample size.

From Table 3 it is observed that the power of the two tests
increases with increasing sample size for the parameters at
the level of significance used. Higher values of sample size
give higher power as shown in the Table 3 and Figure 3.
In testing the parameters, the Likelihood ratio test appear
to be more powerful than the Wald test as shown in the
Figure 3. The Wald test seems to be inferior compared to
the Likelihood ratio test for 0.05 level of significance.
The likelihood ratio test appears to be more applicable to the
TPL distribution in terms of its attainment to the nominal
size which indicates that the likelihood ratio approaches its
limiting distribution faster than the Wald test. The likelihood
ratio test can be ranked first in terms of power of the tests.
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Table 2. Sizes of the Likelihood Ratio and Wald test Statistics for Testing Hy: ® = 0 Versus H;:© # 0 when y = 0.05

a B 6 i
" LR w LR w LR w LR W
10 0.057 | 0.037 | 0.048 | 0.041 | 0.061 | 0.041 0.059 0.043
40 0.048 | 0.040 | 0.051 | 0.044 | 0.059 | 0.043 0.058 0.045
70 0.050 | 0.051 | 0.050 | 0.043 | 0.052 | 0.044 0.050 0.048
100 | 0.052 | 0.050 | 0.052 | 0.048 | 0.051 | 0.047 0.052 0.051
150 | 0.056 | 0.057 | 0.054 | 0.052 | 0.057 | 0.050 0.057 0.054
200 | 0.052 | 0.055 | 0.056 | 0.053 | 0.053 | 0.053 0.053 0.055
300 | 0.054 | 0.057 | 0.059 | 0.058 | 0.054 | 0.056 0.055 0.058
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(a)-Sample Size

Figure 2. Size of the likelihood ratio and Wald test statistics for testing g (a) and A (b) parameters when y = 0.05
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@ I4 ] p)
" LR w LR w LR w LR W
10 | 0460 | 0.340 | 0.330 | 0.280 | 0.430 | 0.316 | 0.310 | 0.248
40 | 0.475 | 0475 | 0.343 | 0305 | 0.495 | 0.346 | 0.330 | 0.268
70 | 0500 | 0433 | 0.365 | 0.296 | 0.473 | 0.383 | 0.346 | 0.288
100 | 0518 | 0504 | 0.374 | 0.330 | 0538 | 0421 | 0354 | 0.313
150 | 0518 | 0535 | 0.380 | 0.348 | 0553 | 0462 | 0.363 | 0.338
200 | 0527 | 0462 | 0.395 | 0.352 | 0.515 | 0501 | 0.383 | 0.354
300 | 0541 | 0533 | 0431 | 0376 | 0558 | 0524 | 0.399 | 0.364
0.6
——— 0 W
0.4
0.3
= R g 0.2
w £ 01
0
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Figure 3. Power of the likelihood ratio and Wald test statistics for testing « (a) and 6 (b) parameters when y = 0.05
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2.3. Confidence Intervals

Exact interval estimates for the TPG distributions is
difficult to obtain. Consequently, large sample intervals
based on the asymptotic maximum likelihood estimators
have gained widespread use. Asymptotic normal theory
for the maximum likelihood estimators provides easily
computable approximate confidence intervals. Many studies
have been taken on the interval estimation, Hurairah et al.
[16] studied the confidence intervals of the parameters of
the new extreme value distribution based on likelihood
ratio, Wald and Rao statistics and compared through the
simulation study. The criteria used in evaluating the
confidence intervals are the attainment of the nominal error
probability and the symmetry of lower and upper error
probabilities. Mann and Ferting [24]; discussed the
estimation functions for parameters of the extreme value and
two-parameter Weibull distributions that are fully efficient.
Doganaksoy and Schmee [9,10] evaluated the accuracy of
asymptotic normal intervals and likelihood ratio-based
intervals. For the smallest extreme value and normal
distributions under various degrees of censoring and to
assess the extent to which square root of the likelihood ratio
statistic and Bartlett corrections achieve their goals.

Let xq,X,...,X%, be a sample from a distribution with
joint log-likelihood function 1(©) =1(0;x), where 0 =
(W, &), Y is a parameter of interest, and & is a vector
nuisance parameter. Two widely used methods for inference
concerning i are based on the likelihood ratio statistic and
Wald statistic. It is well known that the overall maximum
likelihood estimator, 8 = (3, £), is asymptotically distributed
as normal distribution with mean @ and its asymptotic
variance can be estimated by the inverse of either the expected
Fisher information matrix or the observed information
matrix evaluated at ®. Hence, a 100(1 —y)% confidence
interval for i based on the likelihood ratio statistic is

w; = [21(8,8) = 1(, )] (17)
where [(.) is the log-likelihood function of @ = (¥, §),
(§,2) is the overall maximum likelihood estimator of
(0,8, and £ is the restricted maximum likelihood
estimator of & given a fixed value of . Under usual
regularity conditions, the likelihood ratio statistic w,*(y)
has an asymptotic chi-square distribution with one degree of
freedom (Cox and Hinkley, [8]). Under usual regularity
assumptions on the likelihood function, the lower (y;) and
upper (y) 100(1 — y)% confidence limits are the two
values of i that satisfy

1y, %) =1(y,§) - G) X2 1,1y Alternatively, it is also
well known that the Wald statistic

(@—z%\/%,mz%\/?@))

where zy. is the 100(1 — y)% percentile of N (0, 1).
2

We describe the simulation study to evaluate and compare
the performance of the confidence intervals of the parameters
for finite sample. The criterion that we use as a basis of our

(18)
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study is the attainment of the nominal error probability and
the symmetry of the lower and upper tail probabilities
(Jennings, [17]). Attainment of the nominal error probability
is important because otherwise we use an interval with an
unknown coverage probability and our conclusions therefore
are imprecise and can be misleading. The other criterion is
the symmetry of the lower and upper error probabilities,
that is, if the intervals fail to contain the true value of the
parameter, it is equally likely to be above or below the true
value. The use of two-sided confidence intervals expects
this symmetry because they are using symmetric percentiles
of the approximating distribution that has been used to
form the confidence intervals. However, symmetry of error
probabilities may not occur due to the skewness of the actual
sampling distribution.

The criterion used in evaluating the confidence intervals
under this study is the attainment of the nominal error
probability and the symmetry of lower and upper error
probabilities. The standard errors of an estimated actual
error probability rates at a given nominal error level y is

approxin |ately:
A 1—
SE ()/) ’V( - Y)

where r is the number of replications, y is the nominal
error probability, assuming that the observed error rates are
close enough to the nominal (see Doganaksoy and Schmee,
[11]). The nominal level is attained if the observed total error

probability is contained in the interval [y + 2.58 SE (}/))] If

the total error probability is greater than [y + 2.58 SE (}A/)]

then the method of interval is termed anticonservative.
However, if the total observed error probability is less than

[y — 2.58 SE (\A/)] then the method is termed conservative.

If the total observed error probability attains the nominal
level, then the method of interval estimation gives symmetric
lower and upper probabilities when the larger error is not
greater than (1.5) times the smaller one (Doganaksoy and
Schmee, [9,11]). The lower, upper, and the total error
probabilities were obtained for the likelihood ratio and
Wald statistics based on confidence intervals with 0.05 for
the parameters. Lower and upper error probabilities of a
100(1 — y)% confidence interval based on the likelihood
ratio statistics for the parameters are given respectively by
(Doganaksay, [10])

(19)

wi*(@)>)((21'1,y)and @<®0}

Lt (20)

r

and

{w?(8)>)((21’1_y)and @>80}
r
Lower and upper error probabilities of a 100(1 — y)%
confidence interval based on the Wald statistics for the
parameters are given respectively by

U= (21)

_ {@+Z o1 5@) <oo} 22)

r



and
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U

{@—z 0! >@0}

r

71

(23)

Table 4. Lower, Upper, and Total Error Probabilities of 95% confidence limits Based on the Likelihood Ratio for the parameters of TPL distribution

Error Probability

Error Probability

a B d 1

" L U T L U T L U T L U T

10 | 0.0294 | 0.0324 | 0.0618 | 0.0238 | 0.0374 | 0.0612 | 0.0214 | 0.0407 | 0.0621 | 0.0316 | 0.0302 | 0.0618

40 | 0.0272 | 0.0281 | 0.0553 | 0.0235 | 0.0358 | 0.0593 | 0.0180 | 0.0358 | 0.0538 | 0.0282 | 0.0284 | 0.0566

70 | 0.0256 | 0.0278 | 0.0534 | 0.0226 | 0.0352 | 0.0578 | 0.0200 | 0.0332 | 0.0532 | 0.0278 | 0.0282 | 0.0560

100 | 0.0242 | 0.0262 | 0.0504 | 0.0214 | 0.0332 | 0.0546 | 0.0238 | 0.0352 | 0.0590 | 0.0270 | 0.0280 | 0.0550

150 | 0.0222 | 0.0254 | 0.0476 | 0.0200 | 0.0284 | 0.0484 | 0.0226 | 0.0284 | 0.0509 | 0.0262 | 0.0240 | 0.0502

200 | 0.0212 | 0.0232 | 0.0444 | 0.0180 | 0.0260 | 0.0440 | 0.0235 | 0.0260 | 0.0495 | 0.0255 | 0.0230 | 0.0485

300 | 0.0211 | 0.0222 | 0.0433 | 0.0175 | 0.0258 | 0.0433 | 0.0239 | 0.0255 | 0.0494 | 0.0247 | 0.0228 | 0.0475
0.07 0.07
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0.04 S 004
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Figure 4. Error probability of likelihood ratio intervals for the @ (a) and 2 (b) parameters when y = 0.05
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Table 5. Lower, Upper, and Total Error Probabilities of 95% confidence limits Based on the Wald for the parameters of TPL distribution

a F; ) 1
" L U T L U T L U T L U T
10 | 0.0244 | 0.0404 | 0.0648 | 0.0308 | 0.0302 | 0.0610 | 0.0316 | 0.0284 | 0.0600 | 0.0346 | 0.0306 | 0.0652
40 | 0.0228 | 0.0371 | 0.0599 | 0.0272 | 0.0300 | 0.0572 | 0.0282 | 0.0240 | 0.0522 | 0.0284 | 0.0288 | 0.0572
70 | 0.0202 | 0.0341 | 0.0543 | 0.0267 | 0.0274 | 0.0541 | 0.0270 | 0.0230 | 0.0500 | 0.0278 | 0.0286 | 0.0564
100 | 0.0181 | 0.0312 | 0.0493 | 0.0256 | 0.0254 | 0.0510 | 0.0278 | 0.0282 | 0.0560 | 0.0274 | 0.0286 | 0.0560
150 | 0.0164 | 0.0286 | 0.0450 | 0.0235 | 0.0250 | 0.0485 | 0.0255 | 0.0302 | 0.0557 | 0.0268 | 0.0252 | 0.0520
200 | 0.0151 | 0.0246 | 0.0397 | 0.0230 | 0.0240 | 0.0470 | 0.0262 | 0.0282 | 0.0544 | 0.0258 | 0.0240 | 0.0498
300 | 0.0146 | 0.0238 | 0.0384 | 0.0227 | 0.0235 | 0.0462 | 0.0256 | 0.0274 | 0.0530 | 0.0255 | 0.0237 | 0.0492
0.07 0.07
0.06 > 0.06
0.05 = 005
0.04 3 004
0.03 —e— Lower £ 003 —e— Lower
002 e, Upper 5 002 Upper
O'Oé Total " 0'0(1) Total

10 40 70 100 150 200 300

(a) Sample Size

10 40 70 100 150 200 300

(b) Sample Size

Figure 5. Error probability of Wald intervals for the a (a) and A (b) parameters when. y = 0.05
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2.3.1. Simulation Study

In this simulation, the level of significance is taken as 0.05,
and the sample size is taken as 10, 40, 70, 100, 150, 200
and 300 to compute two-sided 100(1 — y)% confidence
intervals based on the likelihood ratio and Wald statistics are
then computed. Table 4, contains, lower error probability
(L), upper error probability (U) and total error probability
(T) of the likelihood ratio intervals with sample size
n=10,40,70,100,150,200 and 300 when y = 0.05.

Table 5, contains, lower error probability (L), upper error
probability (U) and total error probability (T) of the Wald
intervals with sample size n = 10,40,70,100,150,200 and
300 when y = 0.05.

From Table 4 it is observed that the intervals based on
likelihood ratio statistic appear to have symmetric for all
parameters at the significance level y = 0.05. The total error
probability for all parameters attained the nominal level.
Table 5 shows that as the sample size increases, the average
confidence lengths decrease and for the a« and A parameters,
the intervals appear to have highly symmetric lower and
upper error probabilities, especially for small sample size
when n=10. These intervals tend to have a total error
probability that is slightly higher than the nominal, while it is
nominal when sample size greater than 10. For small sample
size (n=10), the intervals tend to be anticonservative, as
shown in Table 5. For the 8 and 6 parameters, the intervals
tend to be symmetric for all sample sizes, and they generally
attain the nominal level.

3. Conclusions

The paper is concerned with the investigation of the finite
sample performance of asymptotic inference procedures
using the likelihood function based on the TPL distributions.
The study includes investigating the adequacy of asymptotic
inferential procedures in small samples. The maximum
likelihood estimator of the parameters of TPL distributions is
not available in closed form. Thus, a simulation study is
conducted to investigate the bias finite sample variance
(FSV), and the mean square error (MSE) of the maximum
likelihood estimator of the parameters of the TPL distribution.
Exact testing hypothesis procedures for the TPL distribution
are intractable. Therefore, two standard large sample statistics
based on maximum likelihood estimator were considered,
which are the likelihood ratio and the Wald statistics. Their
performances in finite samples in terms of their sizes and
powers are investigated and compared. Confidence intervals
based on the likelihood ratio and the Wald statistics were
studied. The performances in terms of the attainment of the
nominal error probability and symmetry of lower and upper
probabilities were investigated and compared.

The main findings of the simulation studies of the inference
procedures for the parameters of the TPL distribution indicate
that the estimate of the parameter’s performance satisfactory
in terms of bias and variance in all the situations considered.
In the hypothesis testing of the TPL distribution, the

Parameter Inference of Transmuted Power Lomax Distribution

likelihood ratio statistic appears to perform better than the
Wald statistics. Interval estimates for the scale parameter
based on Wald statistic is highly symmetric and tend to be
slightly anticonservative, while intervals based on the likelihood
ratio statistics are in general symmetric and attain the
nominal error probability. Likelihood ratio based intervals
perform much better than the Wald intervals.
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