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Abstract The study presents a new class of statistical distributions known as the cosine Kumaraswamy class of
distributions. The statistical properties of the new distribution have been derived. The study also developed estimators such
as Maximum likelihood and ordinary Least Squares methods. The performances of the estimators were investigated using a
Monte Carlo simulation. The maximum likelihood estimator was the most consistent and appropriate technique and was
therefore used to estimate the parameters of the model. The study further developed the log location-scale cosine
Kumaraswamy regression model. The efficiency of the models was then compared to other competing distributions to
determine their performance in modelling lifetime data. Three different real datasets were used to demonstrate the
usefulness of the cosine Kumaraswamy class of distributions and the log location-scale cosine Kumaraswamy regression

model.
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1. Introduction

The quantity of data available for statistical analysis is
growing at an increasingly faster rate. This phenomenon
requires new and better probability distributions to handle
such datasets in real-life situations. Given this requirement,
several generalised distributions have been proposed in the
literature by researchers. The importance of these new
distributions is paramount because no single distribution can
fit all situations; hence, continual research to propose new
distributions. Some of the proposed families of distributions
in literature include: exponentiated generalised class of
distributions [1], beta generalised class of distributions
[2], MacDonald generalised class [3], Kumaraswamy
generalised class of distributions [4], Marshall-Olkin class of
distributions [5], and Gamma generated class of distributions
[6], among others. Many of these developed families of
distributions are algebraic, and recently, attention is shifting
towards the development of statistical distributions based on
trigonometric functions. This new paradigm has diverse
potential for researchers to explore. It offers researchers
many alternatives regarding the availability and suitability
of distributions. Some examples of trigonometric function-
based distributions include secant generated class of distributions
[7], the sine Kumaraswamy-generated class of distributions
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[8], cosine cosine-generated class of distributions [9],
new extended cosine generalised class of distributions [10],
cotangent trigonometric-G class of distributions [11],
Tangent generalised class of distributions [12] and recently,
secant Kumaraswamy Class of distributions [13] among
others. The article chose the cosine function over the sine
function due to the following reasons. The cosine-based
forms are easier to use directly as probability densities.
Cosine is an even function that has a natural symmetric
probability distribution as compared to sine, which is an odd
function, making it less straightforward as a generator.
Cosine functions often have closed forms as compared to
sine functions. Cosine-based probability distribution
functions are important in modelling bounded lifetimes with
symmetric failure rates. It can represent bathtub-shaped or
periodic hazard rates and approximate survival functions
using Fourier cosine expansions, which include real-world
failure patterns in systems under cyclic or periodic stress in
reliability studies.

Other sections of the article are presented as follows:
section 2 covers the development of the proposed cosine
Kumaraswamy class of distributions, section 3 covers the
mixture form of the density, statistical properties are discussed
in 4, parameter estimations are covered in Section 5, special
cases of the proposed class are presented in section 6, whilst
section 7 deals with Monte Carlo simulation. Not only are
applications to lifetime data presented in Section 8, but the
log-location-scale regression model is covered in Section 9.
Finally, a summary of the paper is presented in Section 10.
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2. Cosine Kumaraswamy Class of Distributions

The cosine generalised (cosine-G) class of distributions [9] is established to be more flexible and efficient in fitting many
lifetime data in survival and reliability modelling. The cumulative density function (CDF) of the Cosine-G is given as,

l—cos(%G(x)j , ™)

where G(x) is the parent distribution. Also, the CDF of the Kumaraswamy generated (KG) class of distributions [4] is
given as,

{1—(1—G(x;§)a)b},xeg, a>0,b>0, (%)

where G(x,af) is the baseline distribution. Substituting equation (**) into equation (*) yields the CDF of the new class of

distribution known as the Cosine Kumaraswamy generalised (CKG) class of distributions, denoted by F(x), which is
presented as

F(X) =1—cos(%[1—(1—e(x;§)a)bB, xeR. 1)

The survival function of the CKG class of distributions is defined as the probability that a patient, or a device, will survive
beyond a certain time, and it is obtained by subtracting the CDF from one. This is given as

S(X)=C05£%[1—(1—G(x;§)a)bD, XxeR. @)
The probability density function, f(x), of the CKG is obtained by differentiating equation (1), and it is given as
b-1 b
f(x) —ﬂ—abg(x &G (x;&)* (1—G(x;§)a) sin{%(l—(l—e(x;g)a) j:|,Xe R. ©)

The hazard rate function (HRF) measures the instantaneous risk of an event, such as failure or death, occurring at a specific
time given that it has not happened before that time. It is obtained as the ratio of the PDF to the survival function, and it is

presented as
73 g (x;§)G(X;§)a_1(1—G(x;f)a)b_1sin[’2r[1—(1—e(x;§)a)bﬂ

NEA——

3. Mixture Representation of CKG Class

HRF (x) = , XeR, a>0,b>0. (4)

This section focuses on the mixture representation of the PDF of the CKG distribution. The mixture representation is
very useful when deriving the statistical properties of the CKG distribution.
Lamma 1. The mixture representation of the CKG distribution is obtained as

f(x) = Y27(21+1)”2j+1g(x;§) (X 5)33 -1

XXX b-1)(2j+1)\(bk
Where ¥ = J[ j{ J( j
2]+1 %Ekzlé i k |
Proof. Given the PDF of the CKG distribution

b-1
Using the Binomial series expansion of (1—G(x;§)a) gives
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f()—%“b_l(—l)‘[bi_lj( £)G (%) sin H - GW))H

Using the expanded form of the term involving the sine function as defined by [10], yields

i(—l)jz_(qu-l) 2j+1(1_(1_G( .g)a)b]zjﬂ
f(x )—”—ab (—1)i (bi—ljg(x;g)(;(x;g)Zal i1 |

2 o (2j+1)
The mixture form of the PDF is finally presented as
f(X) _ Y27(2j+1) 7Z'2j+1g (X,é) ( 6)33 -1 (5)
L& kel (b=1)(2]+1)\(bk
Where Y= I+J+ ( . j( .
21 +1 'E]Z::lkZ::llg Pk

4. Statistical Properties

The statistical properties of the CKG class of distributions are derived in this section. The properties considered are the
guantile, moments, moment-generating function, incomplete moments, order statistics, and mean residual life.

4.1. Quantile Function

A quantile function is essential for the generation of random numbers of a given distribution. The quantile function of the
CKG class of distribution for u e[0,1] is given as

X, = [G‘l {1{1—[% cos (1 u)ﬂ}/b ﬂ% uelo1]. (6)

where G_l(-) denotes the quantile function of the baseline model.
Proof. Equating equation (1) to u, and expressing x in terms of the other variables. The quantile function of the CKG

class of distribution is presented as;
b
1—cos(%(1—(1—e(x : g)a) D =u.

1-u =cos[%[1—(1—e(x : g)a)bn.

Taking the inverse of the cosine function of both sides gives

2 cost(1-u) -1-(1-6(x: g)a)b .

T

G [1—{1{%(:031 (1u)ﬂ%”% uelo1]-
4.2. Moments

Moments are essential in determining measures of central tendency, dispersion, and variation of data.
Proposition 2: The r'" non-central moment of the CKG class of distributions is defined by

Re-arranging gives

The expression for x is obtained as

Xu:
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,u;' :YZ_(2j+1)7T2j+l]?Xrg(XZ§) (X 5)33 -1 )
0

Proof: The r non-central moment is defined as,

= E[XrJ:Txrf (x)dx

Substituting equation (5) in place of the term  f(x) yields

Uy :YZ_(2j+l)7T2j+1TXrg(XZ§) (X 5)33 -1
0

4.3. Incomplete Moments

The incomplete moment is essential in calculating the mean deviation and measures of inequality, such as Bonferroni
curves and Lorenz curves.
Proposition 3: The r™ incomplete moment of the CKG is defined as

Mr (y) _ Y27(2j+1)ﬂ_2j+1j' Xl’g (X . é:) ( 5)36.—1 (8)
y
Proof. The r®" incomplete moment of X is defined as follows:

Mr(y)=E[Xr | X >y]=Ixrf (x)dx
y
After substituting the mixture form into the definition, the incomplete moment is

Mr(y):YZ_(2j+l)7r2j+1TXrg(X25) (X 5)3&1
y

4.4. Moment-Generating Function

Proposition 4. If X ~CKG for any integer value, the moment-generating function M, (t) is

M x (t) = YZ_(2j+1)7z.2j+litr_rlg( ) (X 5)3a -1 ©)
r=0"-

Proof. The moment-generating function is defined as follows;
My (t)= E[et>< } —Tetx f (x)dx
X = = .
0

Using the Taylor series:

Implies,
()= S50 ]

But s, = E[X r} as obtained in equation (), then

MX (t)=Y27(2j+1)7z.2j+litr_rlg(x:g)G(ng)&’:l—ll
r=0"-°
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4.5. Order Statistics

Order statistics are prevalent variables used for modelling some lifetime systems in various component structures. The
focus of this subsection is to derive the order statistics of the CKG distribution.
Proposition 5: The r! order statistic of the random sample Xg,..., X, of the CKG is presented as

() () = WCOS(%[l—(l—G(x : g)a)bDj sin{%[l—(l—e (x: g)a)bﬂ g(x:6)G(x:&EE (10

Proof. The r™ order statistic of the random sample Xg,..., X,, is the random variable X(r),where

X < X(2) £...< X() is the ordered sample. Accordingly, the PDF of X, is,

n! 1 _
(0 09 = ey X O B P 0T ().
Using the Binomial series expansion for the term,

P 00" = > (1) [”i‘r][Fx ()] .

i=1

n-r

Then, substituting the new term for [1— Fx (x)] into equation (10) gives,

00~ & 7 TR 0T 1B 0T 0.

This is simplified as,

R e DMl A LG

i=1
Substituting the PDF in equation (2) and CDF in equation (2) gives the order statistics as

et | et o

T

i=1 j=1k=1

where

4.6. Inequality Measures

The Lorenz and Bonferroni curves are the primary methods for measuring income inequality. It is also applicable in
measuring the inequality in the survival times of patients suffering from cancer and other related conditions.
Proposition 6: If X ~ CKG, then the Lorenz curve is defined as:

L (Y):%YZ_(szrl)ﬂZjﬂIXrg(X:f) (x ég)?u'zl -1 (11)
y

Proof: The Lorenz curve is defined as:

1Y
;fo

where .[ xf x)dx is the first incomplete moment given in equation (8).

—00

Hence, substituting equation (8) into the Lorenz curve function gives:
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L (y):%YZ_(2j+l)ﬂ2j+1IXrg(XHf) (x: )% dx
y

4.7. Mean residual life

In life testing situations, the mean residual life function is defined as the expected additional lifetime given that a
component has survived until time t. It is the average time that units in the population are expected to operate before failure.
It is very useful in both reliability and survival analysis.

Proposition 7: If X has the CKG distribution, then the mean residual life function, m(y) is defined as:

lul_Y.Z—(2j+1)ﬂ2j-+-1]9 Xrg(XZcf) ( 5)36—1

m(y)= 1y—F(y) _y

Proof. The mean residual life function, m(y) is defined as:

m(y)=E[X-y/X >y].

(12)

It is expressed as;

= d
m(y) ZF ) X
and further expressed as;
y
ty = I xf ()
_ —0 dx — !
m(y) CF) X—y

5. Parameter Estimation

This section discusses the maximum likelihood estimation and the ordinary least squares methods of parameter estimation.
These methods are used to obtain the estimates of the parameters of the CKG distribution.

5.1. Maximum Likelihood
Let Xi,.., Xy bearandom sample from a population X with PDF f (X,H), where the parameter 6 is not known. If
1(6) is the likelihood function of the distribution, then

:ﬁf(x,ﬁ).
i=1

The value 6 that maximizes I(@) is called the maximum likelihood estimator of & and is denoted by é(x) or just by

6 and is called the maximum likelihood estimate of 6. The maximum likelihood estimate is &(x) . The method of

maximum likelihood, in a sense, picks out of all the possible values of @ the most likely to have produced the given
observations X4, ..., X, . The likelihood of the CKG class of models is given as

‘= H[”—abg x:£)6(x: & H1-6(x: ) sm{z(l—(l—e(x::)a)bm. (13)

The log-likelihood equation is given as
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log?¢ = nlog(%m]+ilogg(xi :§)+(a—1)zn:I0gG(xi &)+

i=1

. (14)

n a\p-1 0 [ a\b

(b—l)ZIog(l—G(xi 1 &) ) +Y_logsin 5 1—(1—(xi 1 &) )

i=1 i=1
Taking the partial derivative of equation (14) with respect to the parameters yields the following
n N logG(x &)X

dlog =D+ZIogG(xi :§)+(b—1)2—w'§)):+”—bx

fa a3 i1 1-G(x:&) 2 )

b1’

{5t o007

and
n

dlog ¢ :E+ilog(l—G(xi :§)a)+2—%cot[%[l—(l—6(xi :§)a)bDIog(l—G(xi :§)a)(1—G(xi :é)a)b. (16)

ob i=1 i=1

5.2. Ordinary Least Squares Estimation Method
The ordinary least squares (OLS) estimation method minimises the objective function. If Xy X(2):--- X(n) are the order

for the

statistics of a random sample of size N obtained from the CKG model. The OLS estimates 8p 5 and BOLS

CKG class of distributions, parameters can be obtained by minimising the objective function,

2
N 1

r(a,b):Z{F(xi/a,b)——} .

i n+1

6. Special Cases of the CKG Class

In this section, we discuss the generalisations of some distributions using the CKG class of distributions. The first model
considered is the cosine Kumaraswamy Weibull (CKW) distribution. The study investigates the characteristics exhibited by
its PDF as well as its hazard failure rates.

6.1. Cosine Kumaraswamy Weibull Distribution

Using the Weibull distribution [14] as the baseline distribution, its CDF and PDF are given as G(x) =1—e‘ixﬂ and
9(x) = ,wxﬁ‘le‘/lxﬂ , X>0,4>0,8>0 respectively.
The CDF of the CKW is obtained by substituting G(x) :1—e”1xﬁ into equation (1). This is obtained as

b
a
F(x)=1-cos % 1—(1—(1—e“ﬂ ) ] , X>0,4>0,8>0,a>0,b>0. (17)
Differentiating equation (17) gives the PDF of the CKW distribution and is presented as

b-1 b
a-1 a a
f(x):ﬂzmxﬁ—le-“ﬁ (1—e—“ﬂ ) (1—(1—e—“ﬂ ) ] sin % 1—(1—(1—e‘“ﬁ) J . (18)

Figure 1 shows the various shapes exhibited by the PDF of the CKW distribution. Some of the shapes include increasing
and decreasing. Others are negatively and positively skewed with different kurtosis.
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Figure 1. CKW PDF shapes

The hazard function of the CKW distribution is obtained by dividing the PDF function by the survival function. This gives

rabpi 5 A FIC A pa)
Txﬂ‘le_’“ (1—e‘“ ) 1—(1—e‘“ ) sin 5 1- 1—(1—e"1x )

£\ b
oS % 1—(1—(1—e‘“ ) J

The hazard failure rate shows bathtub, unimodal, increasing, and decreasing shapes. The details are shown in Figure 2.
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Figure 2. CKW hazard function shapes

The CKW model has a quantile function presented as

X, =| - ¥, log 1{1—[1—%cos‘1(1—uﬂ%ra

s

(20)
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6.2. Cosine Kumaraswamy Generalised Power Weibull

The second model derived from the CKG distribution is the Cosine Kumaraswamy's generalised power Weibull (CKGPW)
distribution. Suppose the baseline distribution is the generalised power Weibull distribution as defined by [15]. The CDF and

PDF of the CKGPW are presented as G(x) =1—e= @)™ and g(x) = adxPL(L+ axP)*Le-@AX) respectively,
where x>0, >0,4>0, and S >0.

The CDF of the CKGPW is obtained by substituting G(x) :1—e1‘(1+’lxﬂ)a into equation (1) and is presented as

b
a\@
F(x)=1-cos % 1_(1_(1_e1—(1+“ﬁ) ) j , x>0,4>0,>0,a>0,b>0 (1)

Differentiating equation (21) gives the PDF of the CKGPW, which is presented as

-1
f (x) = &;ﬂlxﬁ—l(l_,’_ /lxﬂ)a—lel—(hixﬂ)“ (1_e]_—(]_+ﬂxﬂ)a )a y

1-(1+AxP)% a )t T 1-(1+AxP)* 2)?
1—(1—e ) sin E 1- 1—(1—e ) ,X>0,

The desirable shapes that characterise its PDF include positively skewed, decreasing, reversed-J, and increasing shapes.
The details are shown in Figure 3.
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Figure 3. CKGPW PDF shapes

The CKGPW has its hazard function presented as the ratio of its PDF to its survival function. This is presented as

= b-1 b
”abzaﬂi X (14 axPyeLgt-eax’)" (1_61—(1%%’)& )’“ 1[1_(1_61—(1+/1xﬁ)" )a] sin Z[l{l_(l_ (-1 X )aJ ]

AP
cos % 1—(1—(1—e1‘(1+’“ﬁ)a) ]

The desirable shapes associated with the failure rate of the CKGPW are upside-down bathtubs, increasing and decreasing
as shown in Figure 4.

h(x) =

. (23)
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The CKGPW distribution converges to other important distributions with certain values of its parameters. If
X ~CKGPWD(a,b,, ,4) the following sub-models are obtained for some parameter values.

1.
2.

For =1 and p =1, the PDF becomes the cosine Kumaraswamy exponential distribution (CKGED).
For B =1, the PDF assumes into the cosine Kumaraswamy generalised Nadarajah-Haghighi distribution

(CKGNHD).
When a=1 and S =2 the PDF assumes the cosine Kumaraswamy generalised Rayleigh distribution (CKGRD),

which is also a new model.

This is summarised in Table 1.

Table 1. Sub-models of the CKGPWD

Model a b A b a
CKGED a b A 1 1
CKGNHD a b A 1 a
CKGRD a b A 2 1

The quantile function of the CKGPW is presented as

w1 1
sl
X, =| ¥|1-log l{l—[l—%cos (u)] } -1 . (24)

7. Simulation

To examine how the parameters behave under maximum likelihood and ordinary least squares estimators, Monte Carlo
simulations are carried out using the CKW model. The following procedures were undertaken in the simulation process:

a.
b.

Create random samples with sizes n=(25,35,80,120,150,200) using the quantile function of the CKW model.
Using least squares and maximum likelihood, estimate the parameters by calculating the average bias (AB) and root
mean square error (RMSE) expressed as follows:

The procedure is replicated 1000 times.

This procedure is done for both MLE and OLS methods of parameter estimation (a,b, 8, 1) =(2.1,1.3,1.7,0.9) .
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The results of the simulation process are shown in Table 2. The results show that the estimators are unbiased and consistent
as the AB and RMSE estimates approach the true values, and the estimates decrease with increasing sample sizes. The rate of
convergence in the maximum likelihood estimator is faster than the ordinary least squares estimator.

Table 2. Simulation results for the CKW parameters

MLE OoLS

Parameter n AB RMSE AB RMSE
25 1.6189 1.7001 2.2459 3.6229

35 2.5100 3.3992 1.5370 2.6429

80 2.0266 2.4411 0.5854 0.5997

a 120 1.3731 1.4789 1.3037 2.5597
150 1.3146 1.3968 1.2609 2.5494

200 1.4739 1.4946 0.5744 0.5784

25 7.2140 7.2606 0.3532 0.4709

35 8.1178 8.3761 0.3559 0.4377

80 8.4990 8.5729 0.0902 0.1084

6 120 8.6021 8.6164 0.2048 0.3244
150 8.5737 8.6002 0.1582 0.3250

200 8.5646 8.5860 0.0746 0.0812

25 0.5561 0.9252 1.6479 1.6519

35 1.1088 1.4562 1.6778 1.6788

80 0.5486 0.6520 1.7000 1.7000

,[;’ 120 0.4243 0.4394 1.6847 1.6854
150 0.3320 0.3999 1.6841 1.6845

200 0.2040 0.2601 1.6971 1.6971

25 0.7554 1.0925 0.9568 1.5787

35 1.1200 1.5176 0.7099 1.1606

80 0.9710 1.3683 0.3230 0.3356

A 120 0.6496 0.8354 0.7284 1.3773
150 0.7278 0.9520 0.7838 1.5477

200 0.5326 0.6022 0.3340 0.3348

8. Applications

In this section, the flexibility of the special cases of the CKG class of distributions is examined. The CKW and CKGPW
distributions are compared with some existing models such as new generalised modified odd inverse exponential Weibull
(GOIEW) [16], Kumaraswamy inverse exponential (KIE) [17], extended cosine generalised power Weibull (ECGPW) [18],
MacDonald generalised power Weibull (MCGPW) [19], exponential Lomax (ELx), [20], secant Kumaraswamy Weibull
(SKW) [13], odd-Burr 111 Lomax [21] (OBIIILX) and generalised modified inverse Rayleigh (GMIR) [22].

8.1. First Dataset

The first dataset represents the survival times of patients suffering from head and neck cancer. The patients were treated
with a combination of radiotherapy and chemotherapy (RT and CT). The dataset can be found in [23].

12.20, 47.38, 81.43, 127.00, 173.00, 319.00, 817.00, 23.56, 55.46, 84.00, 130.00, 179.00, 339.00, 1776.00, 23.74, 58.36,
92.00, 133.00, 194.00, 432.00, 25.87, 63.47, 94.00, 140.00, 195.00, 469.00, 31.98, 68.46, 110.00, 146.00, 209.00, 519.00,
37.00, 78.26, 112.00, 155.00, 249.00, 633.00, 41.35, 74.47, 119.00, 159.00, 281.00, 725.00.

The descriptive statistics of the cancer dataset show a mean value of 223.5 and a median value of 128.5. Since the mean is
greater than the median, it indicates that the data is highly skewed to the right with a skewness value of 3.50. The dataset also
reports a standard deviation of 305.4, leptokurtic (higher than the normal distribution), and with a kurtosis value of 15.3. The
summary is presented in Table 3.
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Table 3. Descriptive statistics for the first dataset
Mean Median Standard deviation Skewness Kurtosis
223.5000 128.5000 305.4000 3.5000 15.3900
59.6 22.0 71.9 1.78 2.57

Ti)

The total time on test (TTT) transform graph of the head-neck dataset is presented in Figure 5. It indicates that the failure
rate of the dataset has a bathtub shape. This is because the curve moves initially from above the diagonal and then goes below it.

S
—

0.6

04

0.2

0.0
|

0.0

errors are shown in parentheses.

0.2

0.4

i

0.6

0.8

Figure 5. TTT graph of the first dataset

Table 4. Parameter estimates of the first dataset

1.0

The MLE of the parameters of the CKW and other existing distributions are shown in Table 4. The corresponding standard

Distribution a 6 ﬂ p)
CKW 2.5351 12.6801 0.2862 0.9703
(5.3010) (1.0659) (0.1580) (1.2931)
é Vi y 0
77. . . .
GOIEW 3923 394.6432 2.2630 0.2076
(36.1128) (6.3112) (0.4777) (0.0390)
) 0 B 4
KIE 57.1140 1.1679 1.4856
(0.0075) (0.2433) (0.2888)
a b ¢ & ;i y)
3.1583 2.9273 0.7785 0.3930 0.7763
ECGPW
(18.0407) (19.4148) (1.4700) (1.4149) (2.9281)
a p ) 0 4
CKF 8.3044 15.7515 0.2807 1.2546
(0.0750) (31.5360) (0.1846) (0.2496)
G 1 a b
MCGPW 1.6855 0.6594 3.3538 0.3225 1.1943 0.1765
(7.3776) (2.0198) (16.2216) (0.6875) (2.4309) (1.3246)




The performance of the CKW and other fitted distributions is compared using Akaike information criteria (AIC),
corrected Akaike information criteria (AlICc), Bayesian
Kolmogorov-Smirnov (K-S). The underpinning statement for comparison is that a model with the highest value of

information criteria (BIC),

International Journal of Statistics and Applications 2026, 16(1): 1-21

log-likelihood ( ¢ ), and

log-likelihood, K-S and the smallest values of AIC, AlCc, and BIC has better performance in fitting the given dataset.

The goodness-of-fit statistics of the fitted distributions have been examined, and the results are presented in Table 5. The
proposed model in bold has better fitted the head and neck dataset than the other competing models, as indicated by the

criteria statement above.

Table 5. Goodness-of-fit measures for the first dataset

Distribution b4 AIC AICC BIC K-S P-Value

CKW -257.48 522.9502 523.9758 530.0869 1.0000 22101
GOIEW -277.78 563.5564 564.5820 570.6932 0.0769 0.9394
KIE -279.31 564.6116 565.2116 569.9642 0.1056 0.6612
MCGPW -277.33 566.6572 568.9275 577.3623 0.0607 0.9937
ECGPW -277.34 564.6924 566.2713 573.6133 0.0589 0.9957
ELx -277.52 561.0480 561.6480 566.4006 0.0490 0.9998

The variance-covariance matrix for the head-neck dataset is obtained and presented as follows

The variances of the MLE of the parameters for the CKW distribution with the head-neck dataset are: var(é) =28.1003,

var(B):1.1361, var(,[}):0.0ZSO. and var(/{) =1.6721. The ninety-five per cent (95%) confidence intervals of the

28.1003 5.6502
;| 56502 1.1361
| -0.8216 -0.1652 0.0250

6.8111 1.3695

—0.2034

-0.8216 6.8111
—0.1652 1.3695

—0.2034
1.6721

estimated parameters are respectively obtained as (0, 12.9251), (10.5909, 14.7693), (0, 0.5959), and (0, 3.5048).

The empirical PDF and CDF plots of the competing models are shown in Figure 6. The proposed CKW models have
mimicked the empirical plots better than the other competing models.

©
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© KIE
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The P-P plots of the competing models for the head-neck dataset are examined and presented in Figure 7. The CKW
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Figure 6. Models’ PDF and CDF plots for the first dataset

model has the majority of its plotted points on the diagonal line, compared to the other models.

1500
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8.2. Second Dataset

The dataset can be found in [24].
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Models’ P-P plot for the first dataset
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peaked than the normal distribution, with a kurtosis value of 2.57 as shown in Table 6.

Table 6. Descriptive Statistics for the second dataset

Cosine Kumaraswamy Class of Distributions: Theory, Mathematical Properties and Regression

KIE Distribution

K
S

T T T T T T
0.0 02 04 06 08 1.0

Observed probability

ELx Distribution

°9

T T T T T T
0.0 02 04 06 08 1.0

Observed probability

The second dataset comprises a random sample of 30 observations of the failure times of an aircraft air conditioning system.

23,261, 87,7,120, 14, 62, 47, 225, 71, 246, 21, 42, 20, 5, 12, 120, 11, 3, 14,71, 11, 1, 4, 11, 16, 90, 1, 16, 52, 95.
The descriptive statistics of the aircraft dataset show a mean value of 59.6 and a median value of 22.0. The dataset is
positively skewed with a skewness value of 1.78. The dataset also reports a standard deviation of 71.9 and is more moderately

Mean Median

Standard deviation

Skewness

Kurtosis

59.6 22.0

71.9

1.78

2.57

The TTT transform plot for the aircraft dataset is presented in Figure 8. The plot shows a bathtub failure rate.
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Figure 8. TTT transform plot for the second dataset

Table 7. Parameter estimates for the second dataset

0.8

1.0

Distribution a b a B y)
CKGPW 0.0153 101.9674 0.4671 0.9597 0.1315
(0.1328) (0.1641) (3.0563) (6.8912) (2.6338)
a p /4 0
0.082 18.9490 3.7360 0.1320 11.3560
NEGMIR
(0.0180) (2.4910) (0.8510) (0.0250) (1.3090)
p) é p 7
7.70994 0.1890 0.1665 2.0949
OBIIILx
(0.2384) (0.1667) (0.1049) (5.8120)
a b ¢ a B A
MCGPW 5.9839 7.9921 1.5498 2.7664 0.2066 0.1228
(25.2179) (14.2459) (9.3133) (12.4547) (06123) | (0.4825)
a p p 0 7
ECGPW 0.2538 2.7530 0.0668 1.0698 0.4540
(1.2920) (11.9050) (0.4518) (2.1488) (0.9064)
aQ y) 4 b
1.7523 0.1603 19.6915 0.3071
SKwC
(1.9482) (0.0475) (51.8492) (0.5015)

The goodness-of-fit statistics results are presented in Table 8 for the aircraft dataset with the proposed model in bold.

15

The MLE of the parameters of the CKGPW and other existing distributions are shown in Table 7. The corresponding
standard errors are shown in parentheses.
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Table 8. Goodness-of-fit measures for the second dataset

Distribution AIC AlICC BIC K-S P-Value

CKGPW -137.80 285.5968 288.0968 292.6028 1.000 2.2x10"
NEGMIR -146.52 303.046 306.698 309.882 0.1490 0.0701
OBIIILXx -151.93 311.8628 313.4628 317.4676 0.1568 0.4524
MCGPW -151.34 314.6800 318.3321 323.0872 0.1278 0.7114
ECGPW -151.31 312.6231 315.1231 319.6291 0.1212 0.7700
SKwC -151.25 310.5027 312.1027 316.1075 0.1292 0.6982

The variance-covariance matrix of the CKGPW distribution for the aircraft dataset is obtained as

0.0176 0.0217 0.4018 -0.9123  0.3495
0.0217 0.0269 05004 -1.1309  0.4307
J71=| 04018 05004 9.3407 -21.0103 7.9580
-0.9123 -1.1309 -21.0103 47.4886 —18.0884
0.3495 0.4307 7.9580 -18.0884 6.9371

The variances of the MLE of the parameters for the CKW distribution with the head-neck dataset are var(é) =0.0176,

var(B):0.0269, var(&)=9.3407, and var(i)=6.9371. The ninety-five per cent (95%) confidence intervals of the

estimated parameters are respectively obtained as: (0, 0.0588), (101.6458, 102.2890), (0, 6.4575), (0, 14.4665), and (O,
5.2938).
The empirical PDF and CDF plots with the competing distributions are presented in Figure 9.
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Figure 9. Models’ PDF and CDF plots for the second dataset

The P-P plots of the competing models for the aircraft dataset are examined and presented in Figure 10. The CKGPW
model has its plotted points on the diagonal better than the other distributions.
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Figure 10. Models' P-P plots for the second dataset

9. Location-scale Regression Model

In this section, a regression model is developed for the CKW distribution. The model developed is known as the log
location-scale cosine Kumaraswamy regression model and is denoted by (LCKW). It is obtained by the transformation of the

random variable Y = Iog(X)and the following re-parametrization are applied, /1=e_(”/") and ﬁz%y. Using equation
(17), the CDF of the CKW model is denoted as Fy (y)=P(Y <y). Also given that Y =log(X)and F,(y)= P(X < ey).
Then the CDF of the LCKW regression model is obtained as

y-H

F(y) =1-cos % 1-[1-|1-¢¢7 (25)

Where o>0,a>0,b>0, #€R and Y<R.
The LCKW regression has a survival rate function as
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a\P

y—u
e O

S(y) = cos % 1-{1—-|1-e (26)

Consequently, the PDF of LCKW can be obtained by differentiating equation (25) and is presented as

f(y)= ’;—"z‘feze—ez (1_e—ez )a_l [1_(1_e—ez )an_lsin {%[1_(1_(1_&& )a Jbﬂ . 27)

Where z=(y-u)lo
The LCKW regression model is of the form:
Vi =44 +oz;, i=12,.,n,

where 4 =x] & is the location parameter, X; = (X, X2, X )T is the vector of covariates, & =(&5;,35,..., )T is the
vector of regression coefficients and the z; ~ LCKW is the error term. The parameters of the regression model are estimated
using equation (27) with the aid of the maximum likelihood estimation method. The log-likelihood function is given as

log ¢ = nIog(Z—fj+iZnizi +izn£(—ezi )+(a—1)iznilog(1—e‘eZi j+(b—1)

n 4\ b1 e 4\ b
xY_log 1—(1—(9’e ) +Y_log| sin 5 1- 1—(1—e’e j
i=1 i=1

The estimates of the parameters are obtained by maximising the log-likelihood function in equation (28). The adequacy
of the LCKW location-scale regression model is examined using the Cox-Snell residuals [25].

(28)

The Cox-Snell residuals of the LCKW location-scale regression model are f; = —Iog(S (yi 14,b,6,40, q1)),i =12,..,n,

where S(yi 14,b,, 4o, q1) is defined in equation (29). If the LCKW location-scale regression model fits the given data
well, its Cox-Snell residuals are expected to follow the standard exponential distribution.

9.1. Third Dataset

The dataset contains values for long-term interest (LTI) and foreign direct investment (FDI), available in [26]. The
usefulness of the LCKW regression model is highlighted using this dataset.

LTI rate (%): 2.640, 0.596, 0.680, 2.190, 4.560, 2.140, 0.410, 0.530, 0.750, 0.280, 4.390, 3.390, 5.190, 0.800, 2.160,
2.640, 0.060, 2.549, 0.930, 0.310, 0.540, 7,750, 0.470, 2.810, 1.760, 3.170, 1.760, 1.010, 0.990, 1.318, 0.550, 0.040, 1.374,
2.890.

FDI stocks outward (% GDP): 30.78, 57.87, 121.52, 90.17, 45.39, 11.08, 55.92, 51.54, 56.31, 43.34, 11.64, 20.85, 21.99,
276.22, 28.81, 27.56, 30.60, 21.02, 5.93, 7.24, 380.10, 15.76, 305.44, 8.94, 48.05, 5.41, 23.68, 3.56, 14.53, 41.90, 71.70,
162.75, 61.86, 40.43.

The performance of the LCKW location-scale regression model is compared with some existing regression models in the
literature, such as the log secant Kumaraswamy Weibull location-scale regression model [13]. The parameter estimates for
the regression model are obtained using the mle2 function in the bbmle package for R. The computational challenges of the
mle2 function usage include evaluation failure, especially if the starting values cause negative scale, zero division or
logarithm of zero, mle2 gives out an error and slow convergence is experienced with high-dimensional models if the initial
guess is poor and the Hessian may be ill-conditioned at convergence, giving unreliable standard error estimates The MLE
estimates and their respective standard errors which are brackets, as well as goodness of fit statistics, are presented in
Table 9. The estimates presented in Table 9 show that all the parameters estimated in the LCKW regression are significant.
Both the slope and the coefficient of the FDI in the LCKW regression model are negative, which suggests that a
unit change in the FDI decreases the LTI rate. From Table 9, the LCKW regression model is presented as:

log(LTI)=-14.7610—0.0029FDI The suitability of the LCKW model is examined with the aid of the Cox-Snell residual
as indicated above.
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Table 9. Location-scale regression parameter estimates

Model Parameters Estimates P-value Goodness-of-fit
LCKW a 45591 2.2x10" (=121.88
(0.0427) ' =121,
294.73 .
b (0.0183) 2.2X10 AIC = -233.7550
; 10.4880
some (1.0450) 2.2>407° AICc = -231.6121
-14.7610
q (1.4951) 22107 BIC = -226.1232
at -0.0029) 4.271x10°
LSKW
55.1023
8 2.2407%° (=1559
(0.0532)
0.5447
b (0.5042) 0.2799 AIC=-21.1741
: 1.8485
Sigma 0.7622) 0.0153 AlCc= -19.0312
-2.9061
q0 (0.7649) 0.0002 BIC = -13.5423
-0.0025
al 0.0489
(0.0013)
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The P-P plots for the two models are presented in Figure 11. The P-P plot of the LCKW seems to have more of its plots
on the diagonal, as the goodness-of-fit statistics indicated.
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Figure 11. P-P plot for the investment dataset
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10. Conclusions

The cosine Kumaraswamy class of distributions was
developed and studied. The study captures certain statistical
features, which include the moment generating function,
moments, and quantile function. The others are order
statistics, incomplete moments, and measures of inequalities.
The study showcased the flexibility of the class of models
with three illustrative examples using Weibull, Generalised
power Weibull, and new Weibull Pareto distributions.
Maximum likelihood and ordinary least squares estimation
methods were used to obtain the estimates of the parameters,
and a Monte Carlo simulation was undertaken to demonstrate
the consistency and robustness of the estimators. The maximum
likelihood estimation method performed better than the
ordinary least squares method. In addition, the cosine
Kumaraswamy model was used to develop a location-scale
regression model. Three different lifetime datasets were
employed to showcase the applicability, versatility, and
efficiency of the proposed models. The outcome indicated
that the proposed models have performed better than the
existing models. Hence, the class of models is a good option
for modelling lifetime data.
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