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Abstract

In this work, we determine the set of algebraic points of given degree over Q on the curve of affine equation

y? = 4x° + 1. This note extends a result of Booker, Sijsling, Sutherland, VVoight and Yasak in [1] who gave a description of
the set of Q-rational points i.e the set of points of degree one over @ on this curve.
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1. Introduction

Let C be a smooth algebraic curve defined over Q. Let K
be a numbers field. We note by C(K) the set of points of C
with coordinates in K and []x.qj<q C(K) the set of points
of C with coordinates in K of degree at most d over Q.

The goal is to determine the set of algebraic points of
given degree over Q on the curve C given by the affine
equation

y? =4x>+1

The Mordell-Weil group J(Q) of rational points of the
Jacobian is a finite set (refer to [1,4]).

We denote by: P = (0,1), P = (0,—1) and oo the point
at infinity. In [1] Booker, Sijsling, Sutherland, Voight and
Yasak gave a description of the rational points over Q@ on
this curve. This description is as follows:

Proposition: The Q-rational pointson C are given by

C(Q) ={P,P,o}
In this note, we give an explicit description of algebraic
points of given degree over @ on the curve C.
Our main result is given by the following theorem:
Theorem: The set of algebraic points of given degree over
Q onthe curve C is

given by:
L[ C(K) = Fo U A, UA,
[K:Q]<d
With:
Zisﬁ ax'
Fo = {(x—@) | a;, b; € Q and x root of EO};
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<
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( Ziéil a;x'
< )
x,—=—— || a;, by € Qwith
= stnzi b;x) v }
ag *+ by =0,a, + b; and x root of E,
where
Ey = (Zl—z alxl) (ngn b; xJ (4x +1),
E = axt | = bix) | (4x°+1)
zsnzi an
and
2
Z axt | = bix) | (4x° + 1)
_L ]Sn

2. Auxiliary Results

For a divisor D on C, we note £L(D) the Q-vector space
of rational functions F defined on Q such that F =0 or
div(F) = —D ; 1(D) designates the Q-dimension of L(D).
In [1, 4] the Mordell-Weil group J(Q) of C is isomorph to
Z/5Z and C is a hyperelliptic curve of genus g = 2. Let
x,y be two rational functions on Q defined as follow:

x(X,Y,Z) = ; et y(X,Y,2) = ;
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The projective equation of C is Y273 = 4X° + Z°
We denote by #=e2 €C and lets put B, =

(5\/% 92k+1,0> for k €{0,1,2,3,4}.

Let us designate by D.C the intersection cycle of
algebraic curve D defined on @ and C.
Lemma 1:
o div(x) =P+ P —2w
L4 dlv(y) = BO + Bl + Bz+B3 + B4_ — 500
e div(y—1) =5P — 5,
e div(y +1) = 5P — 50
Proof: (See [10]).
Consequence of lemma 1:
5j(P) = 5j(P) and j(P) +j(P) = 0.
Lemma 2:
o L(o) =(1)
® L(200) =(1,x) = L(3%)
o L(40) = (1,x,x°)
o L(5) =(1,x,x%,y)
e L(60) = (1,x,x%y,x%)
Proof:
- We have [(o0) = 1 since if [(c0) = 2, then the curve
C is of genus zero (see [1,4]), which is not the case.
- Since the genus of C is equal to 2, then 200 is a
canonical divisor of C, s0 l(0) = g = 2.
- For the rest we apply the Riemann-Roch theorem which
saysthat [((mo) =m—1 if m = 3.
Lemma 3:
A Q-base of L(mo) is given by

%m={xi|iENandng}

) m-—25

U{xfyleNandjS }

Proof:

Itis clear that B,, is free and it remains to show that

card(®B,,) = dim £L((m)).
According to the Riemann-Roch theorem, we have
dimL((mOO)) =m—-g+1

According to the parity of m, we have the following two
cases:

Case 1: Suppose that m is even and let m = 2h. Thus

we have i<m/2=h and we have j < (2h-5)2
Jj<(@2h-5-1)/2=h—-3=h—g—1. Then we get B,, =
{1, x, .., x"}u {y,yx, ..., yx"=971}. we have card(B,,) =
h+14+th-g—-1+1)=m—g+1=dim£L((mx)).

Case 2: Suppose that m is odd and let m = 2h + 1. Thus
we have i<mi2e i<(2h+l)2e i<2h/2=hand
j <(M-5)2& j <(2h+1-5)2= h — g.

Then we get B, = {1 x,..,x"}U{y,yx, ..., yx"9}.
We have card(®B,)=h+1+th-g+1)=m+1-
g= dimL((mOO)).

Lemma 4:

J(@) = Z/5Z = ([P — ]
={a[P —»],a €{0,1,2,3,4} }

Proof: (See [1,4]).

3. Proof of Theorem

Given R € C with [Q(R): Q] = n. The work of Booker,
Sijsling, Sutherland, Voight and Yasak in [1] allows us to
assume that n > 2.

Note that Ry, R,, ..., R, are the Galois conjugates of R.
Let's work with

t=[Ry+ R, +:++ R, —noo] € J(Q) , according to
lemma 4 we have t = a[P — ], 0 < a < 4.

Sowe have [R; + R, + -+ R, —noo] = a[P — o].

Our proof is divided in three cases:

Casea =0

We have [R; + R, +:++ R, —noo] =0; then there
exist a function F with coefficient in @ such that

div(F)=R{+ Ry + -+ R, —noo, then F € L(nw)
and according to lemma 3 we have

F(x,y) =Zaixi +y Z b; x’

i <

%2}

8]

For the points R;, we have

Z axt+y bx/ =0
. n . n—5

=7 e

%, o1 apx!

—Z2____ and the relation y% =4x5+1

hence y = —
ng? bjxJ

gives the equation

E, = Z a;xt

2 2

= Z bix) | (4x° +1)
=

We find a family of points
ZiS% a;xt
Fo = x,—w | a;, bj € Q and x root of Ey

Casesa =1and a = 4

For a =1, we have [Ri+ Ry, +--+ R, —hoo] =
[P — o] = —[P — ], then there exist a function F with
coefficient in @ such that

div(F)=Ry+ Ry +-+R, +P—(n+ 1o ,
F € L((n + 1)o0) and according to lemma 3 we have

F(x,y) = Z axt +y Z b; x’
. n+1 ]_Sn%zl

=7
For the points R;, we have

then
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Z axt+y Z bix) =0
jL5

Z.<n+1 a;xt

—~Z ___ and the relation y? = 4x5 +1

hence y = —
Z],Snz;zl- bjxl

gives the equation
2 2

El = Z al‘xi =
isnzil jE
We find a family of points

i
Zign? a;x

X, | ai,bj € Q with

F = _ngnz;él-bixj
ag — by = 0 and x root of E;

For a = 4, we have [R;+ R, + -+ R, —now] =
4[P — ] = =[P — x].
By a similar argument as in case a = 1, we have
Zignzil ax'

X, —a——
?2 = { Z]Snzj bix]

k ag + by = 0 and x root of E;
Finally, we have the family

|a, b € Qwithl

( Zigr%l a;x'

X, [ al—,bj € Q with

A1=T1UT2= Z}S#ble

ag + by = 0 and x root of E;

Casesa = 2 and a = 3

For a = 2, we have [Ry+ Ry, +:++ R, —noo] =
2[P — ] = —2[P — o], then there exist a function F with
coefficient in @ such that

div(F)=Ry+ Ry + -+ R, +2P — (n+2)co , then
F € L((n + 1)oo) and according to lemma 3 we have

F(x,y) = Z axt+y Z b xJ

The function F is of order 2 at point P so we must have
{F,(P_)ZO :{ao—b():()
F;C(P):O al—b1=0

For the points R;, we have

axt+y bix) =0
x2 T3
i< <7
%, nt2 apx!
hence y = ———2—— and the relation

stn;3 bjxl

y? = 4x5 + 1 gives the equation
2 2

Z axt | = Z bix) | (4x°+1)

. _n+2 . _n=3
=" /=7

We find a family of points

i
Ziénzz ax

X, — |al-,b]- € Q with

G, = Z}.Sn%3bixf
ag—by =0, a; —b; =0and xroot of E,

For a = 3, we have [R;+ Ry, + -+ R, —nhowo] =
3[P — 0] = =2[P — o0].
By a similar argument as in case a = 2, we have

Zisnzj ax'

X, —a—

GZ = 2}{17—3 bix]

tao +by=0,a+b = OandxrootofEZJ
Finally, we have the family

| a;, b € Qwith l

A2 = Gl U Gz
Zi<n_+1 a;x!
= )
X, —a—2——||a,b € Qwith
= _ .x/
stnz4 blx

ag+ by =0,a; £ by and x root of E,
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