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Abstract  In this work, we explore a noncompactified model of a charged point particle of five-dimensional size in an 

external magnetic field. This model follows the idea of a fifth dimension as an extremely very small length scale (from our 

usual point of view of dimensional scale) in a very small region of space-time. To define the size of such a 5D scale, we 

recalculate the length of a test charged point particle in the five-dimension related to the electron (first proposed by Klein) 

from the electrogravitational coupling constant, estimating the radius to be approximately 7.4×1018 smaller than the radius of 

the electron. Considering an external magnetic field, the angular momentum of the charged point particle of five-dimensional 

size can be estimated. Extending the same analysis to some other fermions, the characteristic values of their respective point 

particle of 5D-size are calculated.  
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1. Introduction 

In his attempt at a theory of unification that included both 

four-dimensional theories, electromagnetism and gravity, 

Kaluza obtained a 5×5 matrix [1], proposing a subspace of  

a five-dimensional Riemannian space. He also introduced 

the restriction of the “cylinder condition” for the subspace 

relative to the fifth coordinate, that no component of the 

five-dimensional metric depends on the fifth dimension.  

This condition would form a compacted reference frame. 

Following Kaluza’s idea, Klein combined it with some ideas 

from quantum mechanics [2,3] and was able to propose a 

first quantitative estimate of both the quantization of the 

charge and the smallness of the particle in the fifth dimension, 

calculating a length to be approx. 0.8×10-30 cm for a 

five-dimensional point particle related to the electron.   

The works of Kaluza and Klein realized that the form for  

the electromagnetic stress-energy tensor emerges from the 

5D vacuum equations as a source in the 4D equations. 

Furthermore, Klein proposed that a point particle in the fifth 

spatial dimension would be rotating in a circle with a    

very small radius, so that such a particle would move a  

short distance along a rotation axis. Thus, the 5D particle   

in motion should return to the position from which it     

began. The distance that the point particle must travel  

before reaching its initial position was considered to be a 

representation of the size of the extra fifth dimension. This 
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extra dimension was then considered similar to a “compact” 

set for a fourth-dimensional point of view. However, Kaluza 

and Klein had assumed the scalar field as constant. In this 

way, the Klein model for the length of a particle in five 

dimensions resulted in a value that did not seem to make 

sense when compared with the physical rest mass of the 

electron [4], besides that Klein’s formula did not satisfy the 

dimensional units for momentum, which can be easily 

verified [5] as follows:  

Considering the Klein equation [3], written as 

 𝜆5(𝐾𝐾) =
ℎ𝑐 2𝜅

𝑒
 , (1) 

where κ is the gravitational constant used by Einstein, h is 

Planck’s constant, λ5(KK) is the length in the Kaluza-Klein 

model, e is the electron charge (written as positive), and c is 

the speed of light. According to the de Broglie equation, 

momentum is given as p = h/λ. Solving Eq. (1) for momentum, 

we get 

 𝑝5(𝐾𝐾) =
ℎ

𝜆5(𝐾𝐾 )
=

𝑒

𝑐 2𝜅
=

𝑒

𝑐 
16𝜋𝐺

𝑐4

 . (2) 

Substituting respective values in SI units, yields 

 

𝑝5(𝐾𝐾) =
 −1.6 × 10−19  C

 3 × 108  
m

s
  

16𝜋 6.67 × 10−11  
N  m 2

kg 2  

 3 × 108 
m
s  

4

 ,
 (3) 

 𝑝5(𝐾𝐾) = 8.3 ×  10−7 C 
kg

m
 . (4) 

It is verified that Eq. (2) does not satisfy the corresponding 

units of momentum [6]. The same result can also be 

confirmed in CGS units.  
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In modern geometry, the extra fifth dimension can be 

understood to be the circle group, corresponding to a U(1) by 

a general Lie group, as electromagnetism can essentially be 

formulated as a gauge theory on a fiber bundle, the circle 

bundle, with gauge group U(1). This group suggests that 

gauge symmetry is the circular symmetry, and Kaluza-Klein 

theory treats the more general case of curved space-time. By 

considering a principal fiber bundle P with gauge group G 

over a manifold M = M4×S1. Given a connection on the 

bundle, and a metric on the base manifold, and a gauge 

invariant metric on the tangent of each fiber, it is possible to 

construct a bundle metric defined on the entire bundle [7]. 

Kaluza-Klein geometry is related to an invariant metric   

on the circle S1 that is the fiber of the U(1)-bundle of 

electromagnetism. The invariance of the metric is such that it 

is invariant to rotations of the circle.  

Furthermore, in the 1940s, three main independent 

research groups obtained the complete field equations [8-10], 

which allowed the scalar field to vary properly. This analysis 

is also known as the Jordan-Thiry theory [11] and was 

developed in the geometric framework of a five-dimensional 

Riemannian manifold. It was based on eliminating the 

condition that the vector field related to the geometric 

structure of the space considered by Kaluza as constant, and 

they related the scalar field to the gravitational constant. 

Thus, the condition of the variable γ55 is a coupling “constant”, 

originally called β, for the gravitational interaction that is a 

function of the coordinates, which is the characteristic 

parameter of the electrogravitational scale of Kaluza’s theory. 

It combines the Newtonian constant of gravitation and the 

permeability of free space μ0 (or the permittivity of free 

space ε0) [12], given as 

 
𝛽2

2
= 𝜅

1

𝜇0
=

8𝜋𝐺

𝑐4

1

𝜇0
=

8𝜋𝐺𝜀0

𝑐2  . (5) 

From the Lagrangian density of electromagnetism in 

general relativity, the equation with the coupling constant 

can be written in the form 

 𝑅𝑖𝑗 =
8𝜋𝐺

𝑐4

1

𝜇0
 𝐹𝑖𝑘𝐹𝑗𝑙 −

1

4
𝑔𝑖𝑗𝐹𝑖𝑘𝐹𝑗𝑙  , (6) 

where F is the electromagnetic tensor. In the considered 

metric of the gravity in five dimensions, the indices were 

allowed by Kaluza to range over 0, 1, 2, 3, 4 with (−, +, +, +, 

+) signature. Following the Kaluza metric, we use in this 

work a modified metric with (+, +, +, +, −) signature by 

adopting the notation of 5 (instead of 0) for the fifth 

dimension, giving the line-element (square) in Cartesian 

coordinates as 

 𝑑𝑠2 = 𝑑𝑥1
2 + 𝑑𝑥2

2 + 𝑑𝑥3
2 + 𝑐2𝑑𝑡2 − 𝑑𝑥5

2. (7) 

Here, Greek indices range from 1 to 5, the subscript and 

superscript 5 indicates the fifth dimension.  

On the other hand, there is an extensive literature on defined 

theories in extra dimensions (even textbooks). However, 

most of them treat the particles in extra dimensions as strings, 

extending into toroidal topology, in compact dimensions, 

and even following the original analysis with the constant 

scalar field as considered by Kaluza and Klein, among others. 

In addition, when the time came to include the strong and 

weak forces by extending Kaluza mechanism to higher 

dimensions, it was assumed a priori that these too would be 

compact. These treatments, mainly from mathematical 

considerations, contain their own model with a particular 

physical interpretation of the particles in extra dimensions, 

respectively. Therefore, following any of these models    

as a dogma to develop other extra dimensional theories, in 

particular, for particles of five-dimensional size, could limit 

some new or different physical interpretation to study and 

analyze such type of quantum particles, and their possible 

qualities in the space-time.  

Theoretical challenges in standard cosmology and quantum 

mechanics, such as the problem of the quantum particles in 

extra dimensions motivate the development and search of 

different models that consider additional parameters, as  

well as new alternatives and possibilities. Motivated by this 

interest, we explore a noncompactified model of a charged 

point particle of five-dimensional size in an external magnetic 

field. This model follows the idea of a fifth dimension as   

an extremely very small length scale (from our usual point of 

view of dimensional scale) in a very small region of space-time.  

The physical interpretation of a particle of 

five-dimensional size that we explore in this model is that of 

a specific charged point particle with spherical topology and 

an extremely very small size, which should have a specific 

size, rest mass and charge, occupying a very small 

noncompactified region in the space-time, and interacting 

with an external magnetic field to cover a space (either area 

or volume) during its vibration in the magnetic field [13,14]. 

Thus, in a noncompactified approach, there is no reason to 

compactify the fifth dimension, i.e., a “cylinder condition” is 

not required.  

Although we are modeling with charged point particles 

that rotate in an external electromagnetic field, we find a 

similarity in the results with a type of basic particles defined 

in String theory, specifically for a closed string, mainly in the 

aspect that the trajectory that these point particles trace when 

they rotate in the electromagnetic field resembles that of a 

string. Even, we derive an analogous equation with the  

same characteristics of a basic closed string. However,    

we consider that a closed string could only be possible in a 

static universe, since due to the propagation of time (in an 

expanding universe), any particle would not return to the 

same place in space-time from which it began. In this context, 

only the existence of open strings in the dynamics of 

space-time can be possible (see Figure 2).  

Considering the coupling constant, in Section 2 we 

recalculate the length and charge of a test charged point 

particle of five-dimensional size related to the electron (first 

proposed by Klein). In Section 3, the rest mass for that a 

point particle of 5D-size is calculated. In Section 4, we 

extrapolate the charged point particles in an electromagnetic 

field analysis from 4D to those of 5D-size. In Section 5, 

extending this analysis, we estimate the characteristic values 

of some other charged point particles of fifth-dimensional 

size. 
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2. The Length of a Test Charged Point 
Particle of Five-Dimensional Size 

We will begin this analysis by recalculating the length of 

the radius of a test charged point particle of five-dimensional 

size related to the electron, now considering the coupling 

constant. Following the same Klein’s consideration that 

relates the de Broglie equation for the momentum of a point 

particle in five-dimensions, given as  

 𝑝5 =
ℎ

𝜆5
=

𝑒

𝛽
 . (8) 

Considering the coupling constant from Eq. (5), the length 

in the five-dimensional size can be written as 

 𝜆5 =
ℎ𝛽

𝑒
=

ℎ 2𝜅/𝜇0

𝑒
=

ℎ𝑐 2𝜅𝜀0

𝑒
 . (9) 

Thus, Eqs. (8) and (9) are the updated Klein’s Ansatz. 

Solving Eq. (8) for the momentum p5 in SI units, yields 

 𝑝5 =
ℎ

𝜆5
=

𝑒

𝑐 2𝜅𝜀0
=

𝑒

𝑐 
16𝜋𝐺 𝜀0

𝑐4

=  2.79 ×  10−1  
kg  m

s
 .(10) 

This expression correctly satisfies the units for 

momentum. 

Substituting the permittivity of free space (namely, 

8.85×10-12 F·m-1), the length is recalculated as 

 
𝜆5 =

ℎ

𝑒
 

16𝜋𝐺/𝜇0

𝑐4 =
ℎ𝑐

𝑒
 

16𝜋𝐺𝜀0

𝑐4 = 2.38 × 10−33  m,

or 𝜆5 = 2.38 × 10−35  cm.

 (11) 

Considering that length λ = 2πR, the related radius R5 can 

be derived from Eq. (9) as 

 
𝑅5 =

5

2𝜋
=

ℏ 2𝜅/𝜇0

𝑒
=

ℏc 2𝜅𝜀0

𝑒
= 3.79 ×  10−34  m,

or 𝑅5 = 3.79 ×  10−36  cm,
 (12) 

where ħ is the reduced Planck’s constant. This is a significant 

result for the smallness of a point particle of 5D-size. In this 

sense, when a moving test charged point particle of 5D-size 

reaches the electron charge, from Eq. (12) is obtained 

 𝑒 =
ℏ 2𝜅/𝜇0

𝑅5
 =

ℏ𝑐 2𝜅𝜀0

𝑅5
 . (13) 

The ratio between both radii Re and radius R5 can be 

calculated as  

 
𝑅𝑒

𝑅5
=

2.82 × 10−15  m

3.79 × 10−34  m
= 7.44 × 1018 . (14) 

Furthermore, considering the de Broglie equation for the 

momentum of the electron given by a test charged point 

particle (q5) of five-dimensional size, yields 

 𝑝𝑒 =
ℎ

𝜆𝑒
=

𝑞5

𝛽
 , (15) 

 𝜆𝑒 =
ℎ𝛽

𝑞5
=

ℎ 2𝜅/𝜇0

𝑞5
=

ℎ𝑐 2𝜅𝜀0

𝑞5
 , (16) 

 𝑅𝑒 =
𝜆𝑒

2𝜋
 =

ℏ 2𝜅/𝜇0

𝑞5
=

ℏ𝑐 2𝜅𝜀0

𝑞5
 , (17) 

where solving for the charged point particle q5 and 

substituting the respective values in SI units, gives 

 𝑞5 =
ℏ 2𝜅/𝜇0

𝑅𝑒
=

ℏ𝑐 2𝜅𝜀0

𝑅𝑒
= 2.15 × 10−38  C, (18) 

which is an expression analogous to Eq. (13). The ratio 

between electron charge and the estimated charge of the 

point particle of five-dimensional size remains the same 

value, given as 

 
𝑒

𝑞5
=

1.6 × 10−19  C

2.15×10−38  C
= 7.44 × 1018 . (19) 

3. The Rest Mass of a Charged Point 
Particle of Five-Dimensional Size 
from the Coupling Constant 

Considering a test charged point particle of radius R5 and 

charge q5 of a five-dimensional size, the corresponding rest 

mass m5 can be calculated by considering the Biot-Savart 

law and the Lorentz force law for a charged particle in a 

uniform magnetic field, since the magnetic field is a 

component in both equations. With BB-S as the magnetic field 

in the Biot-Savart law, and BL as the magnetic field in the 

Lorentz force law, by extrapolation to the corresponding 

equations for a charged point particle of 5D-size, we can 

write them as 

 𝐵 5 𝐵−𝑆 =
𝜇0𝑞5𝑢5

4𝜋𝑅5
2  , (20) 

 𝐵 5 𝐿 =
𝑚5𝑢5

𝑞5𝑅𝑒
 , (21) 

respectively, where B(5)B-S is the magnetic field of the 

Biot-Savart law in the fifth-dimensional size, B(5)L is     

the magnetic field of the Lorentz force law in the 

fifth-dimensional size, and u5 is the component of 5-velocity 

along the fifth-dimensional framework. Equating both 

magnetic fields from Eqs. (20) and (21) as a “common” term, 

yields 

 𝐵𝐵−𝑆 = 𝐵𝐿  ;  𝐵 5 𝐵−𝑆 = 𝐵 5 𝐿  , (22) 

 
𝜇0𝑞5𝑢5

4𝜋𝑅5
2 =

𝑚5𝑢5

𝑞5𝑅𝑒
 . (23) 

Let us consider the case in which the distance that the 

charge of 5D-size moves due to the effect of the Lorentz 

force is the same distance as the radius R5. Then, the space 

(either an area or a volume) that the mass m5 travels without 

movement or vibration will be limited to the distance R5  

(i.e., Re → R5). Thus, we will have a static condition for the 

charged point particle of 5D-size (without vibration) in the 

five-dimensional frame, and Eq. (23) becomes as 

 
𝜇0𝑞5𝑢5

4𝜋𝑅5
2 =

𝑚5𝑢5

𝑞5𝑅5
 . (24) 

Solving for the rest mass, yields 

 
𝑚5 =

𝜇0

4𝜋

𝑞5
2

𝑅5
= 1.22 × 10−49 kg ,

𝑚5 = 6.86 × 10−20  M𝑒V𝑐−2.
 (25) 

The ratio between electron rest mass (me) and rest mass 

(m5) of the point particle of five-dimensional size remains 

the same than in Eqs. (14) and (19), resulting  
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𝑚𝑒

𝑚5
=

0.51 M𝑒V𝑐−2

6.86×10−20  M𝑒V𝑐−2 = 7.44 × 1018 . (26) 

4. The Angular Momentum of a Charged 
Point Particle of Five-Dimensional 
Size Rotating in an External  
Magnetic Field 

Planck’s equation for kinetic energy of a particle (like that 

of the photon) with angular frequency ω = 2πf, is expressed 

in terms of the reduced Planck’s constant as Ek = ℏω. 

Angular frequency is also considered in both, the Lorentz 

force law and the Cyclotron resonance frequency (that describes 

a simple harmonic-oscillator at the cyclotron frequency) 

[15,16] for a charged particle q with rest mass m rotating in 

an external magnetic field B, given as 

 𝜔 =
 𝑞 𝐵

𝑚
=

𝑣

𝑅
 , (27) 

where v is the velocity of the particle. Furthermore, the 

relation between kinetic energy (when a particle is in motion) 

and Hamiltonian momentum given as Ek = p2/2m, where p = 

mv is the momentum of the charged particle in motion.  

Let us consider a test charged point particle of 5D-size   

in motion in an external magnetic field. It should behave 

analogously to the 4D charged particles in an external 

magnetic field. Extrapolating those equations to the scenario 

of a charged point particle of 5D-size rotating with a radius 

equivalent to the radius of the electron around the z-axis in  

an external magnetic field (neglecting its interaction with 

other particles of the atom), and rearranging the equivalent 

equation to find the reduced Planck’s constant, one gets the 

corresponding parameters as  

 ℏ =
𝐸𝑘(5)

𝜔5
=

𝑝5
2

2𝑚5

𝑅𝑒

𝑢5
=

 𝑚5𝑢5 
2

2𝑚5

𝑅𝑒

𝑢5
=

𝑚5𝑢5𝑅𝑒

2
 . (28) 

And reordering, yields 

 𝐿𝑧5 = 𝑚5𝑢5𝑅𝑒 = 2ℏ , (29) 

where Lz5 is the angular momentum component along the 

z-axis for the rotating charged particle of five-dimensional 

size. This result agrees with the quantization of angular 

momentum of a 4D charged particle, which is quantized in 

units of ħ. This also satisfies the Dirac model [17], where  

the considered value for the electron is 2 (and the value 

experimentally measured for the electron is approximately  

ge ≈ 2.00232…) [18].  

Moreover, according to this extrapolation, the estimated 

values can be extrapolated to quantum mechanics to obtain 

the position, spin and orbital angular momentum of a 

corresponding particle related to the “relativistic” electron 

[19,20]. In this way, a charged point particle of 5D-size 

under these conditions would orient its angular momentum 

parallel to the external magnetic field (see Figure 1). 

In this model, the charged point particle of 

five-dimensional size that would give rise to the positron will 

correspond to a particle with an electric charge equivalent to 

q5, but rotating with an angular frequency in the opposite 

direction (that is, -ω5), according to the sign for the 

estimation of the energy of 5D-size, which we can write as 

 𝐸5 = ±  𝑚5𝑐
2 2 +  𝑝5𝑐 

2 ½ .  (30) 

  

Figure 1.  Representation of the perspective of a charged point particle (q5) 

of five-dimensional size and rest mass (m5) interacting with the external 

magnetic field (B), moving with velocity u5 to cover a circular area (A) of the 

spherical volume of radius Re to form a spinning electron. Lz5 = 2ħ is the 

angular momentum along the z-axis for the rotating charged point particle in 

the five-dimensional framework 

Thus, the sign of the resulting positron’s electric charge 

with respect to the same magnetic field will be opposite to 

that of the charged point particle of five-dimensional size 

related to the electron. Furthermore, the kinetic energy of   

a charged point particle of 5D-size with velocity u5 in a 

magnetic field can be written as 

 𝐸5 =
1

2
𝑚5𝑢5

2 =
𝑞5

2𝐵2𝑟𝑒
2

2𝑚5
 ,  (31) 

where re is the radius in which the energy to be determined. 

According to Eq. (28), we can write the total energy (kinetic 

energy and potential energy) for a rotating charged point 

particle of five-dimensional size, as 

 𝐸5 =
𝑝5

2

2𝑚5
+

𝑚5𝜔5
2𝑟𝑒

2

2
 .  (32) 

Considering the harmonic-oscillator, this equation is 

analogous to the one derived by another method in early 

String theory [21], but in this case is for the frequency of the 

harmonic-oscillator of a point particle of 5D-size in circular 

motion (see Figure 1). In this stage, we can find an analogy 

between this model and early String theory (at least in the  

5D context). However, we can consider that a closed string 

could only be possible in a static universe, since due to the 

propagation of time (in an expanding universe), any particle 

would not return to the exact same place in space-time  

from which it began. In this way, only the existence of open 

strings in the dynamics of space-time can be possible, covering 

a space that would resemble a volume through time (see 

Figure 2). 
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Figure 2.  Representation of the effect over time of the small particle of 

5D-size rotating in a magnetic field to cover the space of a particle perceived 

in 4D (like a spinning electron) 

5. Radius, Electrical Charge and Rest 
Mass of Charged Point Particles of 
Five-Dimensional Size of Some 
Fermions  

Extending the same analysis and applying Eqs. (12), (18) 

and (25), respectively, to some other fermions, in particular, 

spin 1/2 particles, and having their respective radius, charge 

and rest mass [22-24], we can calculate the respective 

characteristic values for the considered point particles of 

five-dimensional size. Those point particles must form each 

one of these particles when they are rotating with a radius 

equivalent to the radius Rf of the respective fermion around 

the z-axis in an external magnetic field. In this way, Table 1 

is formed showing the respective values of each corresponding 

particle of 5D-size. 

Table 1.  Corresponding characteristic values of point particles of five-dimensional size of some fermions 

Particle 

Type 

Particle 

Name 

R 

(m) 

q 

(C) 

M 

(MeVc-2) 

m 

(Kg) 

Rf 

(m) 

q5 

(C) 

m5 

(MeVc-2) 

m5 

(Kg) 

Lepton Electron 2.81×10-15 1.60×10-19 0.51 9.11×10-31 3.79×10-34 2.15×10-38 6.86×10-20 1.2×10-49 

Quark Up 4.3×10-19 1.07×10-19 2.40 4.28×10-30 5.68×10-34 1.41×10-34 1.97×10-12 3.5×10-42 

Quark Down 4.3×10-19 5.34×10-20 4.80 8.56×10-30 1.14×10-33 1.41×10-34 9.83×10-13 1.8×10-42 

Quark Charm 4.3×10-19 1.07×10-19 1,270 2.26×10-27 5.68×10-34 1.41×10-34 1.97×10-12 3.5×10-42 

Quark Strange 4.3×10-19 5.34×10-20 104 1.85×10-28 1.14×10-33 1.41×10-34 9.83×10-13 1.8×10-42 

Quark Top 4.3×10-19 1.07×10-19 171,200 3.05×10-25 5.68×10-34 1.41×10-34 1.97×10-12 3.5×10-42 

Quark Bottom 4.3×10-19 5.34×10-20 4,200 7.49×10-27 1.14×10-33 1.41×10-34 9.83×10-13 1.8×10-42 

 

6. Discussion and Conclusions 

This work aims to explore a noncompactified model of a 

charged particle of five-dimensional size in an external 

magnetic field, considering the electrogravitational coupling 

constant. In this scenario, a particle of 5D-size is occupying  

a very small region in space-time, estimating the radius    

to be approximately 7.4×1018 smaller than the radius of   

the electron. The angular momentum of the charged particle 

along the z-axis in the five-dimensional scale results to be 2ħ. 

This result may explain the origin of the measured value of 

the gyromagnetic ratio of the electron. Extending the same 

analysis to some other charged particles of the Standard 

Model (such as fermions), the respective characteristic 

values of these charged point particles of five-dimensional 

size can be calculated. According to these results, considering 

that the up quark is a particle with a stable half-life, it must 

be formed by a charged point particle of five-dimensional 

size by a factor 106 smaller than the mass of the electron 

neutrino. This could be one of the best options for the 

detection of some of these considered small point particles of 

5D-size. This could be the next step in the development of 

particle detectors with sufficient capacity to detect charged 

point particles of such a small scale.  
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